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defined by CFT data

 {Δi, λijk}

2-point  
correlation functions

3-point  
correlation functions

CFT data follows 
from 1/4-BPS Schur 
operator sector

 𝕍

vertex operator algebra

(all?) information of 
the VOA follows from ?
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 = an affine (bi-filtered) scheme which reduces to the Higgs branchSpec(R)

counting  
protected,  

1/4-BPS operators



Explaining the Proposal
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let  be the bigraded ring with bigrading S = ℂ[x1, ⋯, xn] deg(xi) = (ai, bi)

let  be a not necessarily bihomogeneous ideal of I S

then,  is not bigraded since  mixes degreesS / I I

example:  with R = ℂ[x, y]/(x2 + y3) deg(x) = (3,2), deg(y) = (2,1)
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a bifiltration on  isS / I Fp,q R = image of  ⨁
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What is an... Associated Graded Ring
a graded ring has a decomposition as

from a bifiltered ring, we can construct an associated bigraded ring, gr(R)

example: R = ℂ[x, y]
Fp,q R = { polynomials P(x, y) with  degx,y(P) ≤ (p, q) }

R = ⨁
p∈ℤ

Rp

define grp,q(R) =
Fp,q R

Fp−1,q R ⊕ Fp,q−1 R then gr(R) = ⨁
p,q

grp,q(R) is bigraded

grp,q(R) = { polynomials P(x, y) with  degx,y(P) = (p, q) }

gr(R) = ℂ[x, y] with deg(x) = (1,0), deg(y) = (0,1)⇒

HSq,q,T (gr(J∞(R)))
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1 , ⋯, x(n)

1 , ⋯, x(0)
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m ] / ( f (0)
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r )
if  then  is the coordinate ring of the th jet scheme of : X = Spec(R) Jn(R) n X Jn(X )

 is naturally a graded ring with "jet" grading Jn(R) deg(x(α)
j ) = α

further: if  is bifiltered,  inherits the bifiltrationR Jn(R)
inherited bifiltration + jet grading defines a trifiltration on Jn(R)

the coordinate ring of the arc space occurs when we take the limit

J∞(R) = lim→
n

Jn(R)

HSq,q,T (gr(J∞(R)))
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[Kang, CL, Song]

HSq,q,T (gr(J∞(R)))
bi-filtered

tri-filtered

}
tri-graded

}jet-grading

challenges: (technical)  has infinity-many generators and relations 
            (technical)  has non-trivial syzygies  must determine Groebner basis 
            (conceptual) how do we determine  for a given SQFT?

J∞(R)

J∞(R) →

R

Algebro-Geometric Bootstrapping
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often, short multiplets that would generically appear in OPEs of 
universal operators are, in fact, absent [Agarwal, Lee, Song] [Liendo, Ramirez, Seo]

example: OPE of stress-tensor  normally contains Tn+1 = ( ̂C 0(0,0))n+1 ̂C n(n/2,n/2)

for the  Argyres--Douglas theories, this multiplet is absent(A1, A2n)

this can be translated into the algebraic condition xn+1 = 0

we propose: "decoupling" in the space of CFT data 
 captures foundational information about the CFT ⇒
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studying null relations in the vertex operator algebra 

under the SCFT  VOA correspondence ↔

for  the associated VOA is  which contains a 
null state at level  of the schematic form

(A1, A2n) M(2,2n + 3)

2n + 2

((L−2)n+1 + ⋯) Ω

strong 
generator

 studying null relations in the VOA  polynomial relations in the strong generators  a candidate ring ⇒ → → R

[Beem, Lemos, Liendo, Peelaers, Rastelli, van Rees]

vacuum state
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the th jet scheme isn Jn(R) = ℂ[x0, y0, ⋯, xn, yn]/In

∑
i, j ≥ 0

i + j = m

xixj − ∑
i, j, k ≥ 0

i + j + k = m

yiyjyk , ∑
i, j ≥ 0

i + j = m

xiyj (m = 0,⋯, n)where the ideal is 
generated by

to determine the Hilbert series up to  we study , which has 24 polynomials in q13 J11(R) I11

 we use Macaulay2 to find a Groebner basis→
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Example: The  Argyres--Douglas SCFT(A2, AN>3)

matches with the Macdonald indices as worked out in [Agarwal, Lee, Song]

[Kang, CL, Song]
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consider the  AD theory(A2, A9)

W-algebra known to have: strong generators,  of degrees 2, 3 
                null relations of degrees 11, 12

L−2, W−3

(but the relations are not known!)

assuming Jacobian:

after rescaling/normalization, 
free parameter

for generic  the ring  does not reproduce the Schur 

limit of the Macdonald index via algebro-geometric bootstrapping

β R = ℂ[x2, x3] / (∂x2
P, ∂x3

P)
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with non-zero  αi  ⇒ β = 21
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On the Principle of Syzygy Maximization [Kang, CL, Song]

in fact, matching with the closed form expression of the Schur limit of the Macdonald index

is only possible if

 Jacobian ring⇒  remaining coefficients⇒

surprising: this uniquely fixes all coefficients

imposing a geometric extremization condition on syzygies of the first(!) jet 
scheme is sufficient to fix  uniquely and recovers the Schur index of R (Ak−1, AN−1)



On the Principle of Syzygy Maximization [Kang, CL, Song]

for each theory, a single 
geometrically determined 

polynomial is sufficient to 
determine (all?) information 
about the 1/4-BPS operators
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[Andrews, Banerjee, Bhargava, Singh, Tao]
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the Higgs branch of  is  which has 
an  isometry  ideal is homogeneous 

under an additional grading 

(A1, D3) ℂ2/ℤ2

𝔰𝔲(2) ⇒

deg(x) = 1 , deg(z) = − 1 , deg(y) = deg(w) = 0

the flavor-refined  
Macdonald index for 

! 
matches with

(A1, D3)

[Buican, Nishinaka]

[Kang, CL, Song]
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(A1, D2n+1)

R = ℂ[x, y, z, w]/(w − (xz + y2), wx, wy, wz)
deg(x) = deg(y) = deg(z) = (1,1) , deg(w) = (2,1)

a puzzle: here we have introduced a coordinate  which does not correspond to a strong generator of the VOAw  why?⇒
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Example: The  Argyres--Douglas SCFT(A1, D3)
the  theories have 
recently been studied in

(A1, D2n+1)

R = ℂ[x, y, z, w]/(w − (xz + y2), wx, wy, wz)
deg(x) = deg(y) = deg(z) = (1,1) , deg(w) = (2,1)

a puzzle: here we have introduced a coordinate  which does not correspond to a strong generator of the VOAw  why?⇒

introducing  allows the bifiltration to be induced by a bigradingw

what about the bifiltration structure from the VOA perspective?

[Andrews, Banerjee, Bhargava, Singh, Tao]

[Kang, CL, Song]

in fact:  contributes the stress-tensor to the indexw

as rings  is isomorphic to  and our bifiltration on  can be pushed through 
the isomorphism to define a bifiltration on  

however this bifiltration is different from one induced by a bigrading on 

R R′￼= ℂ[x, y, z]/((xz + y2)x, (xz + y2)y, (xz + y2)z) R

R′￼

ℂ[x, y, z]

the bifiltration that we want on  is that induced from the bigrading on 
 after quotienting by the inhomogeneous ideal

R

ℂ[x, y, z, w]

??
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Example: The  Argyres--Douglas SCFT(A1, A5)

R = ℂ[x, y, z, w]/(xy + z3 − zw, wx, wy, (xy + z3)z)
deg(x) = deg(y) = (3/2,3/2) , deg(z) = (1,1) , deg(w) = (2,1)

the bifiltration is induced from the bigrading on ℂ[x, y, z, w]

the Higgs branch is ℂ2/ℤ3 = Spec(R)red

[Kang, CL, Song]

= IMac(q, T ) [Buican, Nishinaka]

fun fact:  also comes from syzygy-maximization of a Jacobian ringR
stay tuned: [Kang, CL, Song]
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Summary
we proposed the existence of a "scheme-ification" of the Higgs branch of 

each 4d  SCFT which allows the recovery of information about 
protected operators in the Schur sector

𝒩 = 2

the key object is a bifiltered affine scheme

we proposed bifiltered affine schemes for a variety of Argyres--Douglas 
theories, derived from decoupling phenomena in the OPEs of the 4d SCFT

Thank you!

for  Argyres--Douglas theories, the bifiltered affine schemes 
follow from a geometric extremization principle: syzygy maximization!

(Ak−1, AN−1)
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How Many Jets Do We Need?
challenges: (technical)  has infinity-many generators and relationsJ∞(R)

suppose we have a ring  with  and  with S = ℂ[x1, ⋯, xm] deg(xj) = (aj, bj) R = S / ( f1, ⋯, fr) deg( fi) = (ci, di)

the lowest order contribution of  to  is x(α)
j HSq,q,T (gr(J∞(R))) qaj+α Tbj

the lowest order contribution of  to  is f (α)
i HSq,q,T (gr(J∞(R))) qci+α Tdi

⇒ HSq,q,T (gr(J∞(R))) to order qℓ is determined by HSq,q,T (gr(Jℓ−d (R)))

d = min( ) -- the  with the smallest (first) degree in aj xj S

we can compute to arbitrary large order working over finitely-generated rings
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Jet Schemes: An Explicit Example

R = ℂ[x, y]/(x2 + y3)

J1(R) = ℂ[x0, x1, y0, y1]/(x2
0 + y3

0 , 2x0x1 + 3y2
0 y1)

J2(R) = ℂ[x0, x1, x2, y0, y1, y2]/(x2
0 + y3

0 , 2x0x1 + 3y2
0 y1, x2

1 + 2x2x2 + 3y0y2
1 + 3y2

0 y2)

Jn(R) = ℂ[x0, y0, ⋯, xn, yn]/In ∑
i, j ≥ 0

i + j = m

xixj − ∑
i, j, k ≥ 0

i + j + k = m

yiyjyk
where ideal  is 

generated by
In
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What is a... Bifiltered Ring

Fp,q R ⊆ R ∀p, q ∈ ℤ

a bifiltered ring, , is equipped with a sequence of subgroupsR

such that

Fp,q R ⊆ Fp′￼,q′￼
R  if p ≤ p′￼, q ≤ q′￼ ⋃

p,q

Fp,q R = R Fp,qR ⋅ Fp′￼,q′￼
R ⊆ Fp+p′￼,q+q′￼

R

example: R = ℂ[x, y]

Fp,q R = { polynomials P(x, y) with  degx,y(P) ≤ (p, q) }

HSq,q,T (gr(J∞(R)))


