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Gauge theories
Gauge bundles are classified by maps into classifying space

<latexit sha1_base64="VeCw3X0phOeOEmLwWo+pxG1YOGA=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8hHvQYxTwgWcLsZDYZMju7zPQKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn5rSeujYjVI44T7kd0oEQoGEUrPdRue8WSW3bnIKvEy0gJMtR7xa9uP2ZpxBUySY3peG6C/oRqFEzyaaGbGp5QNqID3rFU0YgbfzK/dErOrNInYaxtKSRz9ffEhEbGjKPAdkYUh2bZm4n/eZ0Uw2t/IlSSIldssShMJcGYzN4mfaE5Qzm2hDIt7K2EDammDG04BRuCt/zyKmlelL1KuXJ/WarWsjjycAKncA4eXEEV7qAODWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wcoxI0i</latexit>

BG

<latexit sha1_base64="mr8Lz93oBGU8Fbnf3IT65LHw/yE=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBU9gViR5DPOgxgnlAsoTZyWwyZHZmmelVYgj+ihcPinj1P7z5N06SPWhiQUNR1U13V5gIbsDzvp2l5ZXVtfXcRn5za3tn193brxuVaspqVAmlmyExTHDJasBBsGaiGYlDwRrh4GriN+6ZNlzJOxgmLIhJT/KIUwJW6riHTdwWSvY07/WBaK0ecOW64xa8ojcFXiR+RgooQ7XjfrW7iqYxk0AFMablewkEI6KBU8HG+XZqWELogPRYy1JJYmaC0fT6MT6xShdHStuSgKfq74kRiY0ZxqHtjAn0zbw3Ef/zWilEl8GIyyQFJulsUZQKDApPosBdrhkFMbSEUM3trZj2iSYUbGB5G4I///IiqZ8V/VKxdHteKFeyOHLoCB2jU+SjC1RGN6iKaoiiR/SMXtGb8+S8OO/Ox6x1yclmDtAfOJ8/AfOU9A==</latexit>

X �! BG

Separates theory into sectors, described by homotopy classes
<latexit sha1_base64="j7y5Gc1LIMrj75PvH4NBTltSqTE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBg5Rdkeqx1IMeK9gP2C4lm2bb0Gw2JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXig508Z1v53C2vrG5lZxu7Szu7d/UD48auskVYS2SMIT1Q2xppwJ2jLMcNqViuI45LQTjm9nfueJKs0S8WgmkgYxHgoWMYKNlTp+9wI17oJ+ueJW3TnQKvFyUoEczX75qzdISBpTYQjHWvueK02QYWUY4XRa6qWaSkzGeEh9SwWOqQ6y+blTdGaVAYoSZUsYNFd/T2Q41noSh7Yzxmakl72Z+J/npya6CTImZGqoIItFUcqRSdDsdzRgihLDJ5Zgopi9FZERVpgYm1DJhuAtv7xK2pdVr1atPVxV6o08jiKcwCmcgwfXUId7aEILCIzhGV7hzZHOi/PufCxaC04+cwx/4Hz+APZXjrA=</latexit>

[X,BG]



Global charges in gauge theories
Gauge theories often come with a class of global symmetries

<latexit sha1_base64="LCQBX00/r89jRbEplLlAQhKnkWw=">AAACFnicbVC7SgNBFJ31GeMramkzGAQbw26QaCMEhWBhEcE8ILuG2cndZMjsg5lZJSz7FTb+io2FIrZi5984SbbQxAMDh3Pu5c45bsSZVKb5bSwsLi2vrObW8usbm1vbhZ3dpgxjQaFBQx6KtkskcBZAQzHFoR0JIL7LoeUOL8d+6x6EZGFwq0YROD7pB8xjlCgtdQvHtk/UgBKeXKf4HNueIDSx0qSM4a6c4hq2H6DXB2wTqXCtWyiaJXMCPE+sjBRRhnq38GX3Qhr7ECjKiZQdy4yUkxChGOWQ5u1YQkTokPSho2lAfJBOMomV4kOt9LAXCv0ChSfq742E+FKOfFdPjkPIWW8s/ud1YuWdOQkLolhBQKeHvJhjFeJxR7jHBFDFR5oQKpj+K6YDoptRusm8LsGajTxPmuWSVSlVbk6K1YusjhzaRwfoCFnoFFXRFaqjBqLoET2jV/RmPBkvxrvxMR1dMLKdPfQHxucP07qd5w==</latexit>

L =
1

2e2
F ^ ⇤F

Some are encoded in topological features of bundle
<latexit sha1_base64="0HgnybHKzJ7fG92sh5J3ts8HI8E=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCxCvZREpHos9eKxgmkLTSib7bZdupsNuxulhJ68+Fe8eFDEq7/Bm//GTZuDtj4YeLw3w8y8MGZUacf5tgorq2vrG8XN0tb2zu6evX/QUiKRmHhYMCE7IVKE0Yh4mmpGOrEkiIeMtMPxdea374lUVER3ehKTgKNhRAcUI22knn3cgb6kw5FGUooH2IA+R3okeepNK+5Zzy47VWcGuEzcnJRBjmbP/vL7AiecRBozpFTXdWIdpEhqihmZlvxEkRjhMRqSrqER4kQF6eyNKTw1Sh8OhDQVaThTf0+kiCs14aHpzI5Ui14m/ud1Ez24ClIaxYkmEZ4vGiQMagGzTGCfSoI1mxiCsKTmVohHSCKsTXIlE4K7+PIyaZ1X3Vq1dntRrjfyOIrgCJyACnDBJaiDG9AEHsDgETyDV/BmPVkv1rv1MW8tWPnMIfgD6/MH9KqYKw==</latexit>

X ! BU(1)

<latexit sha1_base64="j0zxoBwV8AXCaMj0xZbDv8K2k3I=">AAACCHicbVDLSgMxFM34rPU16tKFwSLUTZkRqW6EolBcVrAPaIeSydxpQzMPkoxShi7d+CtuXCji1k9w59+YtiNo64HAyTn33uQeN+ZMKsv6MhYWl5ZXVnNr+fWNza1tc2e3IaNEUKjTiEei5RIJnIVQV0xxaMUCSOByaLqDq7HfvAMhWRTeqmEMTkB6IfMZJUpLXfPAw8Uq7tyD1wPc8SIlfy7VY3yBra5ZsErWBHie2BkpoAy1rvmpp9AkgFBRTqRs21asnJQIxSiHUb6TSIgJHZAetDUNSQDSSSeLjPCRVjzsR0KfUOGJ+rsjJYGUw8DVlQFRfTnrjcX/vHai/HMnZWGcKAjp9CE/4VhFeJwK9pgAqvhQE0IF03/FtE8EoUpnl9ch2LMrz5PGSckul8o3p4XKZRZHDu2jQ1RENjpDFXSNaqiOKHpAT+gFvRqPxrPxZrxPSxeMrGcP/YHx8Q3s15dg</latexit>

d(F ^ · · · ^ F ) = 0
conserved currents

magnetic symmetries

See, e.g., [Heidenreich, McNamara, Montero, Reece, Rudelius, Valenzuela’19],
[Garcia-Valdecasas, Reece, Suzuki ’24], [MD, Minasian, Novicic ’26]

similar for higher-form fields



Today: Discrete gauge symmetry
Topological classes of G bundle specified by

<latexit sha1_base64="j7y5Gc1LIMrj75PvH4NBTltSqTE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBg5Rdkeqx1IMeK9gP2C4lm2bb0Gw2JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXig508Z1v53C2vrG5lZxu7Szu7d/UD48auskVYS2SMIT1Q2xppwJ2jLMcNqViuI45LQTjm9nfueJKs0S8WgmkgYxHgoWMYKNlTp+9wI17oJ+ueJW3TnQKvFyUoEczX75qzdISBpTYQjHWvueK02QYWUY4XRa6qWaSkzGeEh9SwWOqQ6y+blTdGaVAYoSZUsYNFd/T2Q41noSh7Yzxmakl72Z+J/npya6CTImZGqoIItFUcqRSdDsdzRgihLDJ5Zgopi9FZERVpgYm1DJhuAtv7xK2pdVr1atPVxV6o08jiKcwCmcgwfXUId7aEILCIzhGV7hzZHOi/PufCxaC04+cwx/4Hz+APZXjrA=</latexit>

[X,BG]

<latexit sha1_base64="87DAeRQxYmY7Xml4oxbai1r/glc=">AAACFHicbVDLSgNBEJyNrxhfUY9eBoOQIIRdkSh4CXpIjhHMA7IhzE5mkyGzD2Z6xbDsR3jxV7x4UMSrB2/+jZNkD5pY0FBUddPd5YSCKzDNbyOzsrq2vpHdzG1t7+zu5fcPWiqIJGVNGohAdhyimOA+awIHwTqhZMRzBGs745up375nUvHAv4NJyHoeGfrc5ZSAlvr5U9uVhMY2sAeI64GX2A4fFu2Q9y1c7JSucG0qlJK4luB+vmCWzRnwMrFSUkApGv38lz0IaOQxH6ggSnUtM4ReTCRwKliSsyPFQkLHZMi6mvrEY6oXz55K8IlWBtgNpC4f8Ez9PRETT6mJ5+hOj8BILXpT8T+vG4F72Yu5H0bAfDpf5EYCQ4CnCeEBl4yCmGhCqOT6VkxHRKcEOsecDsFafHmZtM7KVqVcuT0vVK/TOLLoCB2jIrLQBaqiOmqgJqLoET2jV/RmPBkvxrvxMW/NGOnMIfoD4/MHEzydjQ==</latexit>

Hom
�
⇡1(X);G

�

G

In particular on circle 

<latexit sha1_base64="9LgHhVD2akPWAeqQkJI6FklKCRo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGiaQttLJvtpl262YTdiVBKf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2TJJpxn2WyES3Qmq4FIr7KFDyVqo5jUPJm+HwZuo3n7g2IlEPOEp5ENO+EpFgFK3k3z96Xdotld2KOwNZJl5OypCj3i19dXoJy2KukElqTNtzUwzGVKNgkk+KnczwlLIh7fO2pYrG3ATj2bETcmqVHokSbUshmam/J8Y0NmYUh7Yzpjgwi95U/M9rZxhdBWOh0gy5YvNFUSYJJmT6OekJzRnKkSWUaWFvJWxANWVo8ynaELzFl5dJ47ziVSvVu4ty7TqPowDHcAJn4MEl1OAW6uADAwHP8ApvjnJenHfnY9664uQzR/AHzucPRGOOWQ==</latexit>

S1
a

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a
<latexit sha1_base64="giX4jazC00QEvlGE4BNHI9hZ9xE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqBP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwByHOM8Q==</latexit>

b<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a <latexit sha1_base64="U5aaa56y4CTMLVbdtTRr2tqUR8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXpHosevFYwX5Au5Zsmm1js8mSZIWy7H/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvpn67SeqNJPi3kxi6kd4KFjICDZWagUP6ZmX9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOs1Iv0TTGZIyHtGupwBHVfjq7NkMnVhmgUCpbwqCZ+nsixZHWkyiwnRE2I73oTcX/vG5iwis/ZSJODBVkvihMODISTV9HA6YoMXxiCSaK2VsRGWGFibEBlWwI3uLLy6R1XvVq1drdRaV+ncdRhCM4hlPw4BLqcAsNaAKBR3iGV3hzpPPivDsf89aCk88cwh84nz8bZY7X</latexit>

b�1

<latexit sha1_base64="T4+EtrCFaxEh7GUeyuETTosWv2E=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgxjIjUl0W3bisYB/QjiWT3rahmcyYZIQy9CfcuFDErb/jzr8xbWehrQcCh3PuIfeeIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqHSPJL3ZhyjH9KB5H3OqLGSjQYP6Zk36RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n872nZATq/RIP1L2SUNm6u9ESkOtx2FgJ0NqhnrRm4r/ee3E9K/8lMs4MSjZ/KN+IoiJyPR40uMKmRFjSyhT3O5K2JAqyoytqGBL8BZPXiaN87JXKVfuLkrV66yOPBzBMZyCB5dQhVuoQR0YCHiGV3hzHp0X5935mI/mnCxzCH/gfP4AkdKPrg==</latexit>

bab�1

Has to respect group properties of
<latexit sha1_base64="XTpv0fPog9K1VSY54cE4gWKFbvk=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrDHokevGIicAmsCHd0oWGbre2XROy4U948aAxXv073vw3FtiDgi+Z5OW9mczMCyVn2rjut1NYW9/Y3Cpul3Z29/YPyodHbZ2kitAWSXii/BBrypmgLcMMp75UFMchp51wfDvzO09UaZaIBzORNIjxULCIEWys5Pck63tV/7xfrrg1dw60SrycVCBHs1/+6g0SksZUGMKx1l3PlSbIsDKMcDot9VJNJSZjPKRdSwWOqQ6y+b1TdGaVAYoSZUsYNFd/T2Q41noSh7Yzxmakl72Z+J/XTU10HWRMyNRQQRaLopQjk6DZ82jAFCWGTyzBRDF7KyIjrDAxNqKSDcFbfnmVtC9qXr1Wv7+sNG7yOIpwAqdQBQ+uoAF30IQWEODwDK/w5jw6L86787FoLTj5zDH8gfP5A+8tj0M=</latexit>

⇡1(X)

<latexit sha1_base64="Wvo9JL+kActAL8Y6ASDWMasWABc=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69LBbBiyURqR6LXjxWtB/QpmWz3bRLN5uwu1FKyP/w4kERr/4Xb/4bt20O2vpg4PHeDDPz/JgzpR3n2yqsrK6tbxQ3S1vbO7t79v5BU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv++Gbqtx6pVCwSD3oSUy/EQ8ECRrA2Uu++5/ZTH/u99MzNsr5ddirODGiZuDkpQ4563/7qDiKShFRowrFSHdeJtZdiqRnhNCt1E0VjTMZ4SDuGChxS5aWzqzN0YpQBCiJpSmg0U39PpDhUahL6pjPEeqQWvan4n9dJdHDlpUzEiaaCzBcFCUc6QtMI0IBJSjSfGIKJZOZWREZYYqJNUCUTgrv48jJpnlfcaqV6d1GuXedxFOEIjuEUXLiEGtxCHRpAQMIzvMKb9WS9WO/Wx7y1YOUzh/AH1ucP49iSIw==</latexit>

S1
bab�1



Transition functions
The (dual of the) transition functions are the topological operators

<latexit sha1_base64="szL9SQU8UTM7gRBdLJnyZ7pFLBE=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KCURqS6LLnRZwT6gKWUynbZDJ5MwMxFDqL/ixoUibv0Qd/6N0zQLbT1wL4dz7mXuHD/iTGnH+bZWVtfWNzYLW8Xtnd29ffvgsKXCWBLaJCEPZcfHinImaFMzzWknkhQHPqdtf3I989sPVCoWinudRLQX4JFgQ0awNlLfLmHkVSroMesJ8phAN3277FSdDGiZuDkpQ45G3/7yBiGJAyo04ViprutEupdiqRnhdFr0YkUjTCZ4RLuGChxQ1Uuz46foxCgDNAylKaFRpv7eSHGgVBL4ZjLAeqwWvZn4n9eN9fCylzIRxZoKMn9oGHOkQzRLAg2YpETzxBBMJDO3IjLGEhNt8iqaENzFLy+T1lnVrVVrd+fl+lUeRwGO4BhOwYULqMMtNKAJBBJ4hld4s56sF+vd+piPrlj5Tgn+wPr8AfKLkmg=</latexit>

a , x , y 2 G

<latexit sha1_base64="vK1SteFAq9halhZjfCkyUsSgaEs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6EohePFewHtEvJptk2NpssSVZclv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H45up336kSjMp7k0aUz/CQ8FCRrCxUgujK/SU9ssVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+BlWhhFOJ6VeommMyRgPaddSgSOq/Wx27QSdWGWAQqlsCYNm6u+JDEdap1FgOyNsRnrRm4r/ed3EhJd+xkScGCrIfFGYcGQkmr6OBkxRYnhqCSaK2VsRGWGFibEBlWwI3uLLy6R1VvVq1drdeaV+ncdRhCM4hlPw4ALqcAsNaAKBB3iGV3hzpPPivDsf89aCk88cwh84nz+uMI6Q</latexit>a = xy <latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a
<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

group-like fusion (interesting non-invertible if it goes beyond)
but cannot end



Switching on (quantum) gravity
See e.g. [Banks, Dixon ’88], [Banks, Seiberg ’11], [Harlow, Ooguri ’18], [Harlow, Shaghoulian ’20],
[Bah, Chen, Maldacena ’22], [Heckman, Hübner, Murdia ’24], …

<latexit sha1_base64="cf7tkdfhSvSfVpOWlQIIRZXZhy0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6vVeseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/XZI1p</latexit>

Q

<latexit sha1_base64="cf7tkdfhSvSfVpOWlQIIRZXZhy0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6vVeseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/XZI1p</latexit>

Q
violation of entropy bounds

<latexit sha1_base64="cf7tkdfhSvSfVpOWlQIIRZXZhy0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6vVeseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/XZI1p</latexit>

Q Violation of bulk-boundary
 correspondence

AdS/CFT

No global symmetries



Gravitational solitons
They can ‘split’ transition functions
[McNamara ’21], [Debray, MD, Heckman, Montero ’23]

Price to pay: topological complexity of spacetime
see also [Ruiz ’24], [Las Heras, Ruiz ’26]



Cobordism Conjecture
[McNamara, Vafa ’19]

What is left?
<latexit sha1_base64="rYUwjfE8aunZzlgZfOn4c1AigVc=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqS5LXejOCvYBTQyT6aQdOpOEmYkYQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee/yYUaks69sorKyurW8UN0tb2zu7e+b+QUdGicCkjSMWiZ6PJGE0JG1FFSO9WBDEfUa6/vhy6ncfiJA0Cu9UGhOXo2FIA4qR0pJnlp0bToboPnMe6cQbw2rz6sQzK1bNmgEuEzsnFZCj5ZlfziDCCSehwgxJ2betWLkZEopiRiYlJ5EkRniMhqSvaYg4kW42O34Cj7UygEEkdIUKztTfExniUqbc150cqZFc9Kbif14/UcGFm9EwThQJ8XxRkDCoIjhNAg6oIFixVBOEBdW3QjxCAmGl8yrpEOzFl5dJ57Rm12v127NKo5nHUQSH4AhUgQ3OQQNcgxZoAwxS8AxewZvxZLwY78bHvLVg5DNl8AfG5w+L0pQQ</latexit>

⌦⇠
k(BG)

Deformation classes that cannot be ‘resolved’ in smooth background
(described by bordism groups)

In Quantum Gravity:
<latexit sha1_base64="2UcxfKQn+WpVsRCEQN6esqbUCpQ=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokItWNUHShO1uwD2himEwn7dCZSZiZCCVk46+4caGIWz/DnX/j9LHQ1gMXDufcy733hAmjSjvOt1VYWl5ZXSuulzY2t7Z37N29lopTiUkTxyyWnRApwqggTU01I51EEsRDRtrh8Hrstx+JVDQW93qUEJ+jvqARxUgbKbAPvDtO+ugh8yTPGjd5HgzhJXRgYJedijMBXCTujJTBDPXA/vJ6MU45ERozpFTXdRLtZ0hqihnJS16qSILwEPVJ11CBOFF+Nnkgh8dG6cEolqaEhhP190SGuFIjHppOjvRAzXtj8T+vm+rows+oSFJNBJ4uilIGdQzHacAelQRrNjIEYUnNrRAPkERYm8xKJgR3/uVF0jqtuNVKtXFWrl3N4iiCQ3AEToALzkEN3II6aAIMcvAMXsGb9WS9WO/Wx7S1YM1m9sEfWJ8/V7eVmQ==</latexit>

⌦QG
k = 0

Conserved charges (global symmetries)



Symmetry-breaking defects
Sometimes this is not true in an approximation to Quantum Gravity

requires a symmetry-breaking defect (singular in approximation)

it’s asymptotics are described by generators of
<latexit sha1_base64="rYUwjfE8aunZzlgZfOn4c1AigVc=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqS5LXejOCvYBTQyT6aQdOpOEmYkYQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee/yYUaks69sorKyurW8UN0tb2zu7e+b+QUdGicCkjSMWiZ6PJGE0JG1FFSO9WBDEfUa6/vhy6ncfiJA0Cu9UGhOXo2FIA4qR0pJnlp0bToboPnMe6cQbw2rz6sQzK1bNmgEuEzsnFZCj5ZlfziDCCSehwgxJ2betWLkZEopiRiYlJ5EkRniMhqSvaYg4kW42O34Cj7UygEEkdIUKztTfExniUqbc150cqZFc9Kbif14/UcGFm9EwThQJ8XxRkDCoIjhNAg6oIFixVBOEBdW3QjxCAmGl8yrpEOzFl5dJ57Rm12v127NKo5nHUQSH4AhUgQ3OQQNcgxZoAwxS8AxewZvxZLwY78bHvLVg5DNl8AfG5w+L0pQQ</latexit>

⌦⇠
k(BG)

(gauging typically introduces new symmetries) [MD, Minasian, Novicic ’26]

<latexit sha1_base64="9LgHhVD2akPWAeqQkJI6FklKCRo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGiaQttLJvtpl262YTdiVBKf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2TJJpxn2WyES3Qmq4FIr7KFDyVqo5jUPJm+HwZuo3n7g2IlEPOEp5ENO+EpFgFK3k3z96Xdotld2KOwNZJl5OypCj3i19dXoJy2KukElqTNtzUwzGVKNgkk+KnczwlLIh7fO2pYrG3ATj2bETcmqVHokSbUshmam/J8Y0NmYUh7Yzpjgwi95U/M9rZxhdBWOh0gy5YvNFUSYJJmT6OekJzRnKkSWUaWFvJWxANWVo8ynaELzFl5dJ47ziVSvVu4ty7TqPowDHcAJn4MEl1OAW6uADAwHP8ApvjnJenHfnY9664uQzR/AHzucPRGOOWQ==</latexit>

S1
a

<latexit sha1_base64="v0mYPQ5mWN4MajACoN/cjn/RDHQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi1WXRjcuK9gFtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APjxqqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacef3OZ+Z0qlYpF41LOYeiEeCRYwgrWRBrb98OQO0n6I9dgPUjfLBnbVqTlzoFXiFqQKBZoD+6s/jEgSUqEJx0r1XCfWXoqlZoTTrNJPFI0xmeAR7RkqcEiVl86TZ+jMKEMURNI8odFc/b2R4lCpWeibyTyiWvZy8T+vl+jg2kuZiBNNBVkcChKOdITyGtCQSUo0nxmCiWQmKyJjLDHRpqyKKcFd/vIqaV/U3Hqtfn9ZbdwUdZThBE7hHFy4ggbcQRNaQGAKz/AKb1ZqvVjv1sditGQVO8fwB9bnD2N/k4Y=</latexit>

S1
1



Dimensionality of the object
If the generator is in                        defect in codimension 

<latexit sha1_base64="rYUwjfE8aunZzlgZfOn4c1AigVc=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqS5LXejOCvYBTQyT6aQdOpOEmYkYQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee/yYUaks69sorKyurW8UN0tb2zu7e+b+QUdGicCkjSMWiZ6PJGE0JG1FFSO9WBDEfUa6/vhy6ncfiJA0Cu9UGhOXo2FIA4qR0pJnlp0bToboPnMe6cQbw2rz6sQzK1bNmgEuEzsnFZCj5ZlfziDCCSehwgxJ2betWLkZEopiRiYlJ5EkRniMhqSvaYg4kW42O34Cj7UygEEkdIUKztTfExniUqbc150cqZFc9Kbif14/UcGFm9EwThQJ8XxRkDCoIjhNAg6oIFixVBOEBdW3QjxCAmGl8yrpEOzFl5dJ57Rm12v127NKo5nHUQSH4AhUgQ3OQQNcgxZoAwxS8AxewZvxZLwY78bHvLVg5DNl8AfG5w+L0pQQ</latexit>

⌦⇠
k(BG)

<latexit sha1_base64="V3AVhZbgHBaYeC2Pd1D3tLJxRcU=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BItQEcquSPVY9OKxgtsW2qVk02wbms0uSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFySCa+M436iwtr6xuVXcLu3s7u0flA+PWjpOFWUejUWsOgHRTHDJPMONYJ1EMRIFgrWD8d3Mbz8xpXksH80kYX5EhpKHnBJjJa86vnDP++WKU3PmwKvEzUkFcjT75a/eIKZpxKShgmjddZ3E+BlRhlPBpqVeqllC6JgMWddSSSKm/Wx+7BSfWWWAw1jZkgbP1d8TGYm0nkSB7YyIGellbyb+53VTE974GZdJapiki0VhKrCJ8exzPOCKUSMmlhCquL0V0xFRhBqbT8mG4C6/vEpalzW3Xqs/XFUat3kcRTiBU6iCC9fQgHtoggcUODzDK7whiV7QO/pYtBZQPnMMf4A+fwBybY3P</latexit>

(k + 1)

(e.g., monopole: codim-3)

<latexit sha1_base64="tHVVQ5q1fTrxuD/TkL0a4+lFu5w=">AAACF3icbVDLSgNBEJz1GeMr6tHLYBDiJeyKRC9C1IPeVDCJkI1hdrYTh8w+mOnVhGX/wou/4sWDIl715t84iTn4Kmgoqrrp7vJiKTTa9oc1MTk1PTObm8vPLywuLRdWVus6ShSHGo9kpC49pkGKEGooUMJlrIAFnoSG1zsa+o0bUFpE4QUOYmgFrBuKjuAMjdQulN1b4QMK6UPqngbQZdlV6vZF1nZo6fB4i+5TF6GP6YGXlY632oWiXbZHoH+JMyZFMsZZu/Du+hFPAgiRS6Z107FjbKVMoeASsrybaIgZ77EuNA0NWQC6lY7+yuimUXzaiZSpEOlI/T6RskDrQeCZzoDhtf7tDcX/vGaCnb1WKsI4QQj516JOIilGdBgS9YUCjnJgCONKmFspv2aKcTRR5k0Izu+X/5L6dtmplCvnO8Xq4TiOHFknG6REHLJLquSEnJEa4eSOPJAn8mzdW4/Wi/X61TphjWfWyA9Yb59ggZ7E</latexit>

e⌦⇠
1(BG) = Ab(G)

(codimension-two defect)
labeled by

<latexit sha1_base64="0xLnKPnmSR6fmWFiHMBSzOopLmo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiBz1WsB/QhjLZbtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRortZH0uCR3/XLFrbpzkFXi5aQCORr98ldvENM0YtJQgVp3PTcxfobKcCrYtNRLNUuQjnHIupZKjJj2s/m5U3JmlQEJY2VLGjJXf09kGGk9iQLbGaEZ6WVvJv7ndVMTXvsZl0lqmKSLRWEqiInJ7Hcy4IpRIyaWIFXc3kroCBVSYxMq2RC85ZdXSeui6tWqtYfLSv0mj6MIJ3AK5+DBFdThHhrQBApjeIZXeHMS58V5dz4WrQUnnzmGP3A+fwBJFo7m</latexit>

a 2 G

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a

<latexit sha1_base64="JaJSKS5rrOlYkKBc1nWjOrZm9PM="></latexit>

⌦Spin
p+1

�
BpU(1)

�
� Z



A mismatch
Example:

[Braeger, Debray, MD, Heckman, Montero ’25]

<latexit sha1_base64="LqvoJM34sUF8UEEgJslueMWZm5o=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHqpiQqVRCh6EIXLiraB7alTKaTduhMEmYmQglZufFX3LhQxK3f4M6/cZJmoa0HBs6ccy/33uMEjEplWd/GzOzc/MJibim/vLK6tm5ubNalHwpMathnvmg6SBJGPVJTVDHSDARB3GGk4QwvEr/xQISkvnenRgHpcNT3qEsxUlrqmjuX8Ay2OVIDwaPb67h4eJr+HCe6j/e7ZsEqWSngNLEzUgAZql3zq93zcciJpzBDUrZsK1CdCAlFMSNxvh1KEiA8RH3S0tRDnMhOlJ4Rwz2t9KDrC/08BVP1d0eEuJQj7ujKZEU56SXif14rVO5JJ6JeECri4fEgN2RQ+TDJBPaoIFixkSYIC6p3hXiABMJKJ5fXIdiTJ0+T+kHJLpfKN0eFynkWRw5sg11QBDY4BhVwBaqgBjB4BM/gFbwZT8aL8W58jEtnjKxnC/yB8fkDkgiX8w==</latexit>

G = SL(3;Z)
<latexit sha1_base64="D304pBtx/doGdOsDOlVQSa7bBVk="></latexit>

⌦⇠
1

�
BSL(3;Z)

�
� H1

�
BSL(3;Z);Z

�
= Ab

�
SL(3;Z)

�
= 0

<latexit sha1_base64="YoXmMbbzXdwysnbJkqn9hSgcWHU="></latexit>

⌦⇠
2

�
BSL(3;Z)

�
� H2

�
BSL(3;Z);Z

�
= Z2 � Z2

But one has:

any
<latexit sha1_base64="kB7Kdef+5aGE+j5LE9uXmsuUi6c=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoAFSSWChYGhiLoQzRR5bhua9VxIttBqqKMLPwKCwMIsfIJbPwNTpoBWo5k6fice3XvPV7IqFSW9W3MzS8sLi0XVoqra+sbm+bWdlMGkcCkgQMWiLaHJGGUk4aiipF2KAjyPUZa3ugy9VsPREga8Ds1DonrowGnfYqR0lLX3EPQoRw6PlJD4ce310n5+Dz7eV58nxx2zZJVsTLAWWLnpARy1Lvml9MLcOQTrjBDUnZsK1RujISimJGk6ESShAiP0IB0NOXIJ9KNs0MSeKCVHuwHQj+uYKb+7oiRL+XY93RluqKc9lLxP68Tqf6ZG1MeRopwPBnUjxhUAUxTgT0qCFZsrAnCgupdIR4igbDS2RV1CPb0ybOkeVSxq5XqzUmpdpHHUQC7YB+UgQ1OQQ1cgTpoAAwewTN4BW/Gk/FivBsfk9I5I+/ZAX9gfP4AltWZFw==</latexit>

a 2 SL(3;Z)

<latexit sha1_base64="JuWf/sO9P2qDNR1h+q0WivG3fyE=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI9FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5Bqw8GHu/NMDMvTAQ31vO+UGltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrW24F6yWaERkK1g2nt7nffWTa8Fg92FnCAknGikecEptLA8PlsFrz6t4C+C/xC1KDAq1h9XMwimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGZU0Y4irUrZfFC/TmREWnMTIauUxI7MateLv7n9VMbXQcZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV1/+SzoXdb9Rb9xf1po3RRxlOIFTOAcfrqAJd9CCNlCYwBO8wCuS6Bm9ofdlawkVM8fwC+jjGyNBjlI=</latexit>⇠ <latexit sha1_base64="kmjtBeKQ5PQMWGDQ6AOZBQ1+7v8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9ZDHzPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VBK7JMjm107dM6sM3EhpWxLdufp7IiOxMZM4tJ0xwZFZ9mbif143xeg6yLhMUmSSLhZFqXBRubPX3QHXjKKYWEKo5vZWl46IJhRtQCUbgr/88ippXVT9WrV2f1mp3+RxFOEETuEcfLiCOtxBA5pA4RGe4RXeHOW8OO/Ox6K14OQzx/AHzucPub2PPw==</latexit>⇥



Why don’t the solitons work?
Try to use the soliton

transition function action incompatible with
for any choice of 

does not lead to well-defined background

<latexit sha1_base64="n20txw0V9H2J4Yvf6KRpytb/QIM=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4kLIrUr0IRS8eK9gP2S4lm2bb0CS7JFmxLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjtLyyura+uFjeLm1vbObmlvv6njVBHaIDGPVTvEmnImacMww2k7URSLkNNWOLyZ+K1HqjSL5b0ZJTQQuC9ZxAg2VnrA6Ar5T6ejoFsquxV3CrRIvJyUIUe9W/rq9GKSCioN4Vhr33MTE2RYGUY4HRc7qaYJJkPcp76lEguqg2x68BgdW6WHoljZkgZN1d8TGRZaj0RoOwU2Az3vTcT/PD810WWQMZmkhkoyWxSlHJkYTb5HPaYoMXxkCSaK2VsRGWCFibEZFW0I3vzLi6R5VvGqlerdebl2ncdRgEM4ghPw4AJqcAt1aAABAc/wCm+Ocl6cd+dj1rrk5DMH8AfO5w98dY+S</latexit>

a = [x, y]

<latexit sha1_base64="giX4jazC00QEvlGE4BNHI9hZ9xE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqBP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwByHOM8Q==</latexit>

b
<latexit sha1_base64="TLTo8WHUVn9QQxKqvgh6dudLH00=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KGVXpHosevFYwX5Au5Rsmm1js8mSZMVl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz321lZXVvf2CxsFbd3dvf2SweHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDP1249UaSbFvUlj6kd4KFjICDZWaj31KhWU9ktlt+rOgJaJl5My5Gj0S1+9gSRJRIUhHGvd9dzY+BlWhhFOJ8VeommMyRgPaddSgSOq/Wx27QSdWmWAQqlsCYNm6u+JDEdap1FgOyNsRnrRm4r/ed3EhFd+xkScGCrIfFGYcGQkmr6OBkxRYnhqCSaK2VsRGWGFibEBFW0I3uLLy6R1XvVq1drdRbl+ncdRgGM4gTPw4BLqcAsNaAKBB3iGV3hzpPPivDsf89YVJ585gj9wPn8An/iOhg==</latexit>x , y



Hopf’s theorem
Are all generators of this type?

Given a group presentation of G:
<latexit sha1_base64="wQHMnXADvjK1X/8xsJ/zhCNEbLA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiUr0IRUE9VrEf0Iay2W7apZtN2N0INeSXePGgiFd/ijf/jds2B60+GHi8N8PMPD/mTGnH+bIKS8srq2vF9dLG5tZ22d7ZbakokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH19O/fYDlYpF4l5PYuqFeChYwAjWRurb5Wt0jnqBxCS9ytK7rG9XnKozA/pL3JxUIEejb3/2BhFJQio04VipruvE2kux1IxwmpV6iaIxJmM8pF1DBQ6p8tLZ4Rk6NMoABZE0JTSaqT8nUhwqNQl90xliPVKL3lT8z+smOjjzUibiRFNB5ouChCMdoWkKaMAkJZpPDMFEMnMrIiNsUtAmq5IJwV18+S9pHVfdWrV2e1KpX+RxFGEfDuAIXDiFOtxAA5pAIIEneIFX69F6tt6s93lrwcpn9uAXrI9vzCeSkA==</latexit>

G =
F

R

free group

(normal closure of)
relations

Examples:
<latexit sha1_base64="cfzAU7z6wyCdlGXhUv4swRCKZ7k=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRITFWCUGGsYGEsEn1ITagc96a16jiR7aBWoQu/wsIAQqx8Bht/g5t2gJYjXen4nHvle0+QcKa043xbS8srq2vrhY3i5tb2zq69t99QcSop1GnMY9kKiALOBNQ10xxaiQQSBRyaweB64jcfQCoWizs9SsCPSE+wkFGijdSxDz1ORI8DHuJHPLwX2JP5u2OXnLKTAy8Sd0ZKaIZax/7yujFNIxCacqJU23US7WdEakY5jIteqiAhdEB60DZUkAiUn+UHjPGJUbo4jKUpoXGu/p7ISKTUKApMZ0R0X817E/E/r53q8NLPmEhSDYJOPwpTjnWMJ2ngLpNANR8ZQqhkZldM+0QSqk1mRROCO3/yImmcld1KuXJ7XqpezeIooCN0jE6Riy5QFd2gGqojisboGb2iN+vJerHerY9p65I1mzlAf2B9/gDhkpX4</latexit>

hx|xni
<latexit sha1_base64="E3W7OJELzzq8E7LsPdmMA+BaOY4=">AAACGnicbVC7TsMwFHV4lvIKMLJYVEgMVZVUqDBWsDAWiT6kJq0c12mtOk5kOyhV6Hew8CssDCDEhlj4G9w0A7QcyfLxuefq+h4vYlQqy/o2VlbX1jc2C1vF7Z3dvX3z4LAlw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW98Pau374mQNOR3ahIRN0BDTn2KkdJS37QdhviQEZiUoYAP0Elh0uPQKetnrzq/E5FAZwodkTn7ZsmqWBngMrFzUgI5Gn3z0xmEOA4IV5ghKbu2FSk3RUJRzMi06MSSRAiP0ZB0NeUoINJNs9Wm8FQrA+iHQh+uYKb+7khRIOUk8LQzQGokF2sz8b9aN1b+pZtSHsWKcDwf5McMqhDOcoIDKghWbKIJwoLqv0I8QgJhpdMs6hDsxZWXSatasWuV2u15qX6Vx1EAx+AEnAEbXIA6uAEN0AQYPIJn8ArejCfjxXg3PubWFSPvOQJ/YHz9AAZPnmg=</latexit>

hx, r|{xn , r2 , rxrx}i
cyclic group
dihedral group

<latexit sha1_base64="V1buv3lyEduO83wEzPXs9UWUvBM=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ad2hpJJM21okhmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7GmnEnaNsxw2ksUxSLktBtObnO/+0SVZrF8MNOEBgKPJIsYwcZKvi+wGYdh9jgbyEG15tbdOdAq8QpSgwKtQfXLH8YkFVQawrHWfc9NTJBhZRjhdFbxU00TTCZ4RPuWSiyoDrJ55hk6s8oQRbGyTxo0V39vZFhoPRWhncwz6mUvF//z+qmJroOMySQ1VJLFoSjlyMQoLwANmaLE8KklmChmsyIyxgoTY2uq2BK85S+vks5F3WvUG/eXteZNUUcZTuAUzsGDK2jCHbSgDQQSeIZXeHNS58V5dz4WoyWn2DmGP3A+fwBWcJHm</latexit>Zn
<latexit sha1_base64="MfesBj9Xs/5ZkH0krZ7hKMBi0Ws=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCp7JbpHos6sFjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YP3MOjlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4vpn57SeqNJPiwUwSGsR4KFjECDZWat32s6qY9t2yV/HmQKvEz0kZcjT67ldvIEkaU2EIx1p3fS8xQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qoqsgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI/vLLq6RVrfi1Su3+oly/zuMowgmcwjn4cAl1uIMGNIHAIzzDK7w50nlx3p2PRWvByWeO4Q+czx9TLo78</latexit>

D2n

<latexit sha1_base64="o+JFUwY5xT9F/yLqZiFv0Zs6Vl8=">AAACGXicbVDLSgMxFM34rPU16tJNsAgVpMwUqYIIpULtshb7wJmhZNJMG5p5kGSEMvQ33Pgrblwo4lJX/o2ZtgttPRByOOde7r3HjRgV0jC+taXlldW19cxGdnNre2dX39tviTDmmDRxyELecZEgjAakKalkpBNxgnyXkbY7vE799gPhgobBnRxFxPFRP6AexUgqqasbtW4R5is3l7aP5MB1k/vxCbyCtscRThrQxiiCVvW06owTq5F+XT1nFIwJ4CIxZyQHZqh39U+7F+LYJ4HEDAlhmUYknQRxSTEj46wdCxIhPER9YikaIJ8IJ5lcNobHSulBL+TqBRJO1N8dCfKFGPmuqkz3F/NeKv7nWbH0LpyEBlEsSYCng7yYQRnCNCbYo5xgyUaKIMyp2hXiAVKhSBVmVoVgzp+8SFrFglkqlG7PcuXKLI4MOARHIA9McA7KoAbqoAkweATP4BW8aU/ai/aufUxLl7RZzwH4A+3rB42unjM=</latexit>

H2(BG;Z) = R \ [F, F ]

[R,F ]

Guaranteed to form a subset of                      (                  ) 
<latexit sha1_base64="4yQH7MKZrBKaNtWtd81GqZ2goLA=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRFqstSF7qzgn1AE8NkOmmHziRhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hj9mVCrL+jZWVtfWNzYLW8Xtnd29ffPgsCOjRGDSxhGLRM9HkjAakraiipFeLAjiPiNdf3w59bsPREgahXcqjYnL0TCkAcVIackzS84NJ0N0nzmPdOLVYKV5deqZZatqzQCXiZ2TMsjR8swvZxDhhJNQYYak7NtWrNwMCUUxI5Oik0gSIzxGQ9LXNEScSDebHT+BJ1oZwCASukIFZ+rviQxxKVPu606O1EguelPxP6+fqODCzWgYJ4qEeL4oSBhUEZwmAQdUEKxYqgnCgupbIR4hgbDSeRV1CPbiy8ukU6va9Wr99qzcaOZxFMAROAYVYINz0ADXoAXaAIMUPINX8GY8GS/Gu/Exb10x8pkS+APj8wc0UZPX</latexit>

⌦⇠
2(BG) <latexit sha1_base64="cd/TzXINmdDEc9B+BwWhN2+n75g=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KGVGpLoRim7cWdE+oDOUTJq2oUlmSDJiGeYD3Pgrblwo4tYPcOffmGkH1NYDgZNz7uXee/yQUaVt+8vKLSwuLa/kVwtr6xubW8XtnaYKIolJAwcskG0fKcKoIA1NNSPtUBLEfUZa/ugi9Vt3RCoaiFs9DonH0UDQPsVIG6lbLLn3FJ5BlyM9lDy+uUqgWy7//EMqElNlV+wJ4DxxMlICGerd4qfbC3DEidCYIaU6jh1qL0ZSU8xIUnAjRUKER2hAOoYKxIny4skxCTwwSg/2A2me0HCi/u6IEVdqzH1TmS6pZr1U/M/rRLp/6sVUhJEmAk8H9SMGdQDTZGCPSoI1GxuCsKRmV4iHSCKsTX4FE4Ize/I8aR5VnGqlen1cqp1nceTBHtgHh8ABJ6AGLkEdNAAGD+AJvIBX69F6tt6s92lpzsp6dsEfWB/fkA6auA==</latexit>

⇠ = SO , Spin

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r



The generators
Each element in

<latexit sha1_base64="P8VUmyz0W3rN3cvJy0edbRCZ8Ko=">AAAB/HicbVDNSsNAGNzUv1r/oj16WSxCvZSkSBW8lHqwxwq2FdsQNttNu3SzCbsbIYT6Kl48KOLVB/Hm27hpc9DWgYVh5vv4ZseLGJXKsr6Nwtr6xuZWcbu0s7u3f2AeHvVkGAtMujhkobj3kCSMctJVVDFyHwmCAo+Rvje9zvz+IxGShvxOJRFxAjTm1KcYKS25Zrnt1mG1dXM1DJCaeF76MDtzzYpVs+aAq8TOSQXk6Ljm13AU4jggXGGGpBzYVqScFAlFMSOz0jCWJEJ4isZkoClHAZFOOg8/g6daGUE/FPpxBefq740UBVImgacns4hy2cvE/7xBrPxLJ6U8ihXheHHIjxlUIcyagCMqCFYs0QRhQXVWiCdIIKx0XyVdgr385VXSq9fsRq1xe15ptvI6iuAYnIAqsMEFaII26IAuwCABz+AVvBlPxovxbnwsRgtGvlMGf2B8/gDPnZOe</latexit>

H2(BG;Z) associated to
<latexit sha1_base64="9j2goED2pJ4w3nYS4mQhnET0lcw=">AAACCHicbZBNS8MwGMfT+TbnW9WjB4ND8CCjEZlehKEXjxPcC3SlpFnahaVpSVJhjB29+FW8eFDEqx/Bm9/GdOtBN/8Q+PN7nifJ8w9SzpR2nG+rtLS8srpWXq9sbG5t79i7e22VZJLQFkl4IrsBVpQzQVuaaU67qaQ4DjjtBMObvN55oFKxRNzrUUq9GEeChYxgbZBvH7rYR6cw8JEHe/1EK2hAlIPIg1cQ+XbVqTlTwUWDClMFhZq+/WWuIVlMhSYcK+UiJ9XeGEvNCKeTSi9TNMVkiCPqGitwTJU3ni4ygceG9GGYSHOEhlP6e2KMY6VGcWA6Y6wHar6Ww/9qbqbDS2/MRJppKsjsoTDjUCcwTwX2maRE85ExmEhm/grJAEtMtMmuYkJA8ysvmvZZDdVr9bvzauO6iKMMDsAROAEIXIAGuAVN0AIEPIJn8ArerCfrxXq3PmatJauY2Qd/ZH3+AJXElyo=</latexit>

[a1, b1] . . . [ag, bg] = 1

(including nucleation of gravitational solitons)

<latexit sha1_base64="JuWf/sO9P2qDNR1h+q0WivG3fyE=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI9FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5Bqw8GHu/NMDMvTAQ31vO+UGltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrW24F6yWaERkK1g2nt7nffWTa8Fg92FnCAknGikecEptLA8PlsFrz6t4C+C/xC1KDAq1h9XMwimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGZU0Y4irUrZfFC/TmREWnMTIauUxI7MateLv7n9VMbXQcZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV1/+SzoXdb9Rb9xf1po3RRxlOIFTOAcfrqAJd9CCNlCYwBO8wCuS6Bm9ofdlawkVM8fwC+jjGyNBjlI=</latexit>⇠

<latexit sha1_base64="FW+K6luGWO3eh3p866LX0Xyc8oU=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4kLIrUj0WheKxiv2A3aVk02wbms2GJCuU0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmRZIzbVz321lZXVvf2CxsFbd3dvf2SweHLZ1mitAmSXmqOhHWlDNBm4YZTjtSUZxEnLaj4e3Ubz9RpVkqHs1I0jDBfcFiRrCxUvCAAoIl8uvn9bBbKrsVdwa0TLyclCFHo1v6CnopyRIqDOFYa99zpQnHWBlGOJ0Ug0xTickQ96lvqcAJ1eF4dvMEnVqlh+JU2RIGzdTfE2OcaD1KItuZYDPQi95U/M/zMxNfh2MmZGaoIPNFccaRSdE0ANRjihLDR5Zgopi9FZEBVpgYG1PRhuAtvrxMWhcVr1qp3l+Wazd5HAU4hhM4Aw+uoAZ30IAmEJDwDK/w5mTOi/PufMxbV5x85gj+wPn8AUezkI8=</latexit>

R \ [F, F ]



Obstructions revisited
Not an isolated brane, but:

codimension-two defect passing through
a transition function (codimension three)

naturally in codimension three

More intuitive picture in terms of defects?



A link
Back to the torus:

filling the inside



A link
Back to the torus:

filling the inside

filling the outside



A link
Back to the torus:

Linking of codimension-two defects



A link inside?
Is the defect always the link of codimension-two defects?

Let’s have a look at higher genus:

potential links

But for each component has to satisfy condition (for defects to close)
must be part of relations        otherwise no solution

<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R



A junction
What always works: 2g-valent junction

one can also fill outside 
(equivalent defect, linked

with one inside)

junctions might
be simplified 

(model-dependent)

Prediction of junctions (properties of defects)



Example: Type IIA on a Calabi-Yau
Effective theory is  supergravity and contains𝒩 = 2

<latexit sha1_base64="QCX32eH5viWoLhLyzWZn8hRQV+M=">AAACC3icbVC7TgJBFJ3FF+ILtbSZQEysyC4atCTQWGIij4Qlm9nZuzBhdnYzM6shhN7GX7Gx0Bhbf8DOv3F4FAKeZJIz59ybe+/xE86Utu0fK7OxubW9k93N7e0fHB7lj09aKk4lhSaNeSw7PlHAmYCmZppDJ5FAIp9D2x/Wp377AaRisbjXowR6EekLFjJKtJG8fMFlQuOaV8buIwR9wAGue5dLHy9ftEv2DHidOAtSRAs0vPy3G8Q0jUBoyolSXcdOdG9MpGaUwyTnpgoSQoekD11DBYlA9cazWyb43CgBDmNpntlspv7tGJNIqVHkm8qI6IFa9abif1431eFNb8xEkmoQdD4oTDnWMZ4GgwMmgWo+MoRQycyumA6IJFSb+HImBGf15HXSKpecSqlyd1Ws1hZxZNEZKqAL5KBrVEW3qIGaiKIn9ILe0Lv1bL1aH9bnvDRjLXpO0RKsr1895Zim</latexit>Z
B2 ^ dC3 ^ dC3

<latexit sha1_base64="UNGejJzatXRiIhV3pkf0xgC8yDQ=">AAACGHicbVDLSgMxFM34rPVVdekmWARXdaZIdVnqxu4q2Ad0xiGTuW1DMw+SjFKGfoYbf8WNC0XcduffmLaDaOuBwMk593LvPV7MmVSm+WWsrK6tb2zmtvLbO7t7+4WDw5aMEkGhSSMeiY5HJHAWQlMxxaETCyCBx6HtDa+nfvsBhGRReKdGMTgB6YesxyhRWnIL5zYLFa65ZWw/gt8H7GObDphb//nbinEf0qk6vq+7haJZMmfAy8TKSBFlaLiFie1HNAkgVJQTKbuWGSsnJUIxymGctxMJMaFD0oeupiEJQDrp7LAxPtWKj3uR0E+vOVN/d6QkkHIUeLoyIGogF72p+J/XTVTvyklZGCcKQjof1Es4VhGepoR9JoAqPtKEUMH0rpgOiCBU6SzzOgRr8eRl0iqXrEqpcntRrNayOHLoGJ2gM2ShS1RFN6iBmoiiJ/SC3tC78Wy8Gh/G57x0xch6jtAfGJNvBuCfMw==</latexit>Z
B2 ^ d�I ^ d�̃I

on 3-cycles
<latexit sha1_base64="HF8Pj5qv+ty5IN6kI32yOjvAigY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFaUkRarHohePFewHtLFstpt26WYTdjdCDf0lXjwo4tWf4s1/47bNQasPBh7vzTAzz485U9pxvqzcyura+kZ+s7C1vbNbtPf2WypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2x9czv/1ApWKRuNOTmHohHgoWMIK1kfp2sYrKo/u0euZO0SlyT/p2yak4c6C/xM1ICTI0+vZnbxCRJKRCE46V6rpOrL0US80Ip9NCL1E0xmSMh7RrqMAhVV46P3yKjo0yQEEkTQmN5urPiRSHSk1C33SGWI/UsjcT//O6iQ4uvZSJONFUkMWiIOFIR2iWAhowSYnmE0MwkczcisgIS0y0yapgQnCXX/5LWtWKW6vUbs9L9assjjwcwhGUwYULqMMNNKAJBBJ4ghd4tR6tZ+vNel+05qxs5gB+wfr4Biv2kNg=</latexit>

2(h2,1 + 1)

dualize to
<latexit sha1_base64="tdy5cBUx22e49sInllEMc7AaEZY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWrV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn/GPLg==</latexit>�

Discrete axionic shift symmetries mix:



Example: Type IIA on a Calabi-Yau
Induced discrete symmetry: Heisenberg group

<latexit sha1_base64="YLpnFYWrmQp8SyrKJLHby8BVO/w=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHoRW8RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWyc1u2TIene9Utmv+DOgZRLkpAw56r3SV7evSCqotIRjYzqBn9gww9oywumk2E0NTTAZ4QHtOCqxoCbMZtdO0KlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6OuozTYnlY0cw0czdisgQa0ysC6joQggWX14mzfNKUK1U7y/Ktes8jgIcwwmcQQCXUINbqEMDCDzCM7zCm6e8F+/d+5i3rnj5zBH8gff5A09Qjvk=</latexit>�I
<latexit sha1_base64="BtO7B++umN75elxWqVF4wNR4zks=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHoRW8RzAOymzA7O0mGzD6Y6VXCkv/w4kERr/6LN//GSbIHTSxoKKq66e7yEyk02va3tbK6tr6xWdgqbu/s7u2XDg6bOk4V4w0Wy1i1faq5FBFvoEDJ24niNPQlb/mjm6nfeuRKizh6wHHCvZAOItEXjKKRui4KGfDMZUMx6d71SmW7Ys9AlomTkzLkqPdKX24QszTkETJJte44doJeRhUKJvmk6KaaJ5SN6IB3DI1oyLWXza6ekFOjBKQfK1MRkpn6eyKjodbj0DedIcWhXvSm4n9eJ8X+lZeJKEmRR2y+qJ9KgjGZRkACoThDOTaEMiXMrYQNqaIMTVBFE4Kz+PIyaZ5XnGqlen9Rrl3ncRTgGE7gDBy4hBrcQh0awEDBM7zCm/VkvVjv1se8dcXKZ47gD6zPH7vPkq4=</latexit>

�̃I<latexit sha1_base64="tdy5cBUx22e49sInllEMc7AaEZY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWrV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn/GPLg==</latexit>�

Rich homology groups:

(Caveat: potential model-dependent mixing with other groups)



Example: Type IIA on a Calabi-Yau
Especially interesting:

<latexit sha1_base64="qSzKw9BW0+tylKsaPQ0fh1llzto=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NAbBg4YZkehFCHoxtwhmgck49HQ6SZOehe4eIRmCv+LFgyJe/Q9v/o2dZA4afVDweK+Kqnp+zJlUlvVl5BYWl5ZX8quFtfWNzS1ze6cho0QQWicRj0TLx5JyFtK6YorTViwoDnxOm/7geuI3H6iQLArv1DCmboB7IesygpWWPHPPwV712PeqLhrdpyf2GF0i2zOLVsmaAv0ldkaKkKHmmZ/tTkSSgIaKcCylY1uxclMsFCOcjgvtRNIYkwHuUUfTEAdUuun0+jE61EoHdSOhK1Roqv6cSHEg5TDwdWeAVV/OexPxP89JVPfCTVkYJ4qGZLaom3CkIjSJAnWYoETxoSaYCKZvRaSPBSZKB1bQIdjzL/8ljdOSXS6Vb8+KlassjjzswwEcgQ3nUIEbqEEdCIzgCV7g1Xg0no03433WmjOymV34BePjG6zlk3E=</latexit>

[aI , bI ]z
�1 = 1

<latexit sha1_base64="qhYO7d1UwA7CuOr2+5eA1iKIjIM=">AAACAXicbZC7SgNBFIbPxluMt1UbwWYwCBYh7IpEGyFoY1JFMDGwWZbZySQZMnthZlYIS2x8FRsLRWx9CzvfxkmyhSb+MPDxn3M4c34/5kwqy/o2ckvLK6tr+fXCxubW9o65u9eSUSIIbZKIR6LtY0k5C2lTMcVpOxYUBz6n9/7welK/f6BCsii8U6OYugHuh6zHCFba8swDB3u1ku/VXKSpXkK+V3fRJbI9s2iVranQItgZFCFTwzO/Ot2IJAENFeFYSse2YuWmWChGOB0XOomkMSZD3KeOxhAHVLrp9IIxOtZOF/UioV+o0NT9PZHiQMpR4OvOAKuBnK9NzP9qTqJ6F27KwjhRNCSzRb2EIxWhSRyoywQlio80YCKY/isiAywwUTq0gg7Bnj95EVqnZbtSrtyeFatXWRx5OIQjOAEbzqEKN9CAJhB4hGd4hTfjyXgx3o2PWWvOyGb24Y+Mzx++K5SE</latexit>

[aI , bI ][aJ , bJ ] = 1 genus two

Strings from wrapped D4-branes (on 3-cycles) and fundamental

Here: resolution to two trivalent junctions possible



Generalizations
Consider M-theory on 7-manifold, in presence of topological term

<latexit sha1_base64="M0/L2D/9QcpTy34AOYwZjfSt0FU="></latexit>

SM � �1

6

Z
C3 ^G4 ^G4

mixing of 4d axions (more/torsional   `s) controlled by intersections

Proof of principle: twisted 7-torus (supersymmetry broken completely)

genus-3

can be resolved

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z



Conclusions
Cobordism Conjecture knows about brane configurations:

<latexit sha1_base64="4yQH7MKZrBKaNtWtd81GqZ2goLA=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRFqstSF7qzgn1AE8NkOmmHziRhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hj9mVCrL+jZWVtfWNzYLW8Xtnd29ffPgsCOjRGDSxhGLRM9HkjAakraiipFeLAjiPiNdf3w59bsPREgahXcqjYnL0TCkAcVIackzS84NJ0N0nzmPdOLVYKV5deqZZatqzQCXiZ2TMsjR8swvZxDhhJNQYYak7NtWrNwMCUUxI5Oik0gSIzxGQ9LXNEScSDebHT+BJ1oZwCASukIFZ+rviQxxKVPu606O1EguelPxP6+fqODCzWgYJ4qEeL4oSBhUEZwmAQdUEKxYqgnCgupbIR4hgbDSeRV1CPbiy8ukU6va9Wr99qzcaOZxFMAROAYVYINz0ADXoAXaAIMUPINX8GY8GS/Gu/Exb10x8pkS+APj8wc0UZPX</latexit>

⌦⇠
2(BG)<latexit sha1_base64="AeVgjeLcHICRrdPg62mQNrP4Ovg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3c381hMqzRP5aMYpBjEdSB5xRo2V/AG5IV6vXHGr7hxklXg5qUCORq/81e0nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+bFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noOphwmWYGJVssijJBTEJmn5M+V8iMGFtCmeL2VsKGVFFmbD4lG4K3/PIqaV5UvVq19nBZqd/mcRThBE7hHDy4gjrcQwN8YMDhGV7hzZHOi/PufCxaC04+cwx/4Hz+AG4Pjcw=</latexit>

g = 1
<latexit sha1_base64="+qxuZiMGF+WZpHUVXGxjROHFkG0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiR6DXjxGMA9IljA76d0MmX1kZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprvLSwRX2ra/rcLG5tb2TnG3tLd/cHhUPj5pqziVDFssFrHselSh4BG2NNcCu4lEGnoCO974bu53nlAqHkePepqgG9Ig4j5nVBupG5B+gBNSG5QrdtVegKwTJycVyNEclL/6w5ilIUaaCapUz7ET7WZUas4Ezkr9VGFC2ZgG2DM0oiEqN1vcOyMXRhkSP5amIk0W6u+JjIZKTUPPdIZUj9SqNxf/83qp9m/cjEdJqjFiy0V+KoiOyfx5MuQSmRZTQyiT3NxK2IhKyrSJqGRCcFZfXiftWtWpV+sPV5XGbR5HEc7gHC7BgWtowD00oQUMBDzDK7xZE+vFerc+lq0FK585hT+wPn8A9H+PRw==</latexit>

g � 2
linking configurations junctions / linking

Realized in string theory compactifications (wrapped branes/strings)

explains dimension count



Outlook
• What groups are possible and what is their origin?

• What about objects in higher codimension?

• Encoding higher-group structures (mixing with spacetime)?

• How is this implemented on the level of spectral sequences?

[Baykara, MD, Kim, Vafa, Xu ’25]

fibration structure

see also [Nevoa, Raman, Vafa ’25]

[Chakrabhavi, Debray, MD, Heckman ’25]


