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Symmetry TFT with interfaces

• Symmetry operators and charged defects in d dimensions can be encoded in 
a (d+1)-dim Symmetry Topological Field Theory (SymTFT) [Ji/Wen ’19, Gaiotto/Kulp 
’20, Apruzzi/Bonetti/García Etxebarria/Hosseini/Schafer-Nameki ’21, Freed/Moore/Teleman ’22]
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• “Club sandwich”: topological interface enlarges symmetry   
[Bhardwaj/Bottini/Pajer/Schafer-Nameki/ ’23], [Kennedy/Tasaki ’92, Li/Oshikawa/Zheng ’23]
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‣ Powerful tool in classification of IR-phases (“generalized Landau 
paradigm”) [Moradi/Moosavian/Tiwari ’22, Bhardwaj/Bottini/Pajer/Schafer-Nameki ’23, …]
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• Different  for operators in  give different “global forms”.𝔅sym ℨ

• “Club sandwich”: topological interface enlarges symmetry   
[Bhardwaj/Bottini/Pajer/Schafer-Nameki/ ’23], [Kennedy/Tasaki ’92, Li/Oshikawa/Zheng ’23]

𝒮′￼ ⊃ 𝒮

‣ Powerful tool in classification of IR-phases (“generalized Landau 
paradigm”) [Moradi/Moosavian/Tiwari ’22, Bhardwaj/Bottini/Pajer/Schafer-Nameki ’23, …]

• How are these features geometrically realized in string theory?
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Plan of the talk

1. Topological SymTFT-interface in M-theory geometric engineering


2. Interfaces in SymTFT of “frozen”  SYM


3. Summary & Outlook

d ≥ 6 𝔰𝔭(N)
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SymTFT in M-theory geometric engineering

• Topological operators in  from “branes at infinity”:WD+1=12−m

‣ M2s on generators for magnetic (D-3)-form symmetry,Htor
1 (∂X) ↝

‣ M5s on generators for electric 1-form symmetry,Htor
m−3(∂X) ↝

‣ operator linking from geometric linking .ℓ : Htor
1 (∂X) × Htor

m−3(∂X) → ℚ/ℤ

4
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/Wang ’22; Heckman/Hübner/Torres/Zhang ’22; vanBeest/Gould/Schafer-Nameki/Wang ’22, …]
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• SymTFT action from dual cohomology:  
[Najjar/Santilli/Wang ’24, García Etxebarria/Hosseini ’24]:

G4 = B2 e(2), G7 = B9−m e(m−2)
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1 (∂X) ≅ Htor

m−3(∂X) = ℤN ↝

• SymTFT action from dual cohomology:  
[Najjar/Santilli/Wang ’24, García Etxebarria/Hosseini ’24]:

G4 = B2 e(2), G7 = B9−m e(m−2)

• ∫ G4 G7 ↝ ℓ(e(2), e(m−2)) ∫
W12−m

B2 δB9−m = 1
N ∫

W
B2 δB9−m
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Coupling to physical boundary…

• Dynamical objects in  by wrapping  (compact cycles)𝔅phys Hp(X)

• Probe objects from Hp(X, ∂X)/Hp(X) ≡ Hp(X, ∂X)/im( 𝚥) = coker( 𝚥)
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5

Xm(∂X)m−1



Coupling to physical boundary…

• Dynamical objects in  by wrapping  (compact cycles)𝔅phys Hp(X)

• Probe objects from Hp(X, ∂X)/Hp(X) ≡ Hp(X, ∂X)/im( 𝚥) = coker( 𝚥)
• [Morrison/Schafer-Nameki/Willett ’20; Albertini/Del Zotto/García Etxebarria/Hosseini ’20] 

⋯ → H2(X) 𝚥 H2(X, ∂X) ∂ H1(∂X) ı H1(X) → ⋯
• ⋯ → Hm−2(X) 𝚥 Hm−2(X, ∂X) ∂ Hm−3(∂X) ı Hm−3(X) → ⋯

• SymTFT identification: if , then  ends on .∂Γk = γk−1 W ∋ Mp[γk−1] Mp[Γk] ∈ 𝔅

5

Xm(∂X)m−1

W
𝔅phys
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• Dynamical objects in  by wrapping  (compact cycles)𝔅phys Hp(X)

• Probe objects from Hp(X, ∂X)/Hp(X) ≡ Hp(X, ∂X)/im( 𝚥) = coker( 𝚥)
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• ⋯ → Hm−2(X) 𝚥 Hm−2(X, ∂X) ∂ Hm−3(∂X) ı Hm−3(X) → ⋯

• SymTFT identification: if , then  ends on .∂Γk = γk−1 W ∋ Mp[γk−1] Mp[Γk] ∈ 𝔅

• In cohomology: , with  resp. ,  
then  has Dirichlet b.c.

H2(X) ∋ η ∂*↦ e ∈ H2(∂X) G4 = B2 e(2) G4 = E2 η(2)

E2 = B2 |𝔅
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Coupling to physical boundary… without torsion

• ⋯ → H2(X) 𝚥 H2(X, ∂X) ∂ H1(∂X) ı H1(X) → ⋯
• ⋯ → Hm−2(X) 𝚥 Hm−2(X, ∂X) ∂ Hm−3(∂X) ı Hm−3(X) → ⋯

• If  torsion-free (e.g.,  or toric CY3), thenH*(X(,∂X)) X = ℂ2/ΓADE
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Hfree
p (X, ∂X) = Hm−p

free (X) = Hom(Hfree
m−p(X), ℤ) im(∂) ⊃ Htor

p−1(∂X) = ℤN
η2 ⋅ ηm−2 = ℓ(r(η2), r(ηm−2)) mod ℤ
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with .
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free (X) = Hom(Hfree
m−p(X), ℤ) im(∂) ⊃ Htor
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η2 ⋅ ηm−2 = ℓ(r(η2), r(ηm−2)) mod ℤ

➡All SymTFT operators end on charged defects on .𝔅

• Can show in cohomology:  as eom; 
so defects are (non-top.) Wilson/’t Hooft operators of SYM sector.

Bp |𝔅 = 1
N fp = 1

N dap−1
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Coupling to physical boundary… with torsion

• 

• 


• With torsion: .

⋯ → H2(X) 𝚥 H2(X, ∂X) ∂ H1(∂X) ı H1(X) → ⋯
⋯ → Hm−2(X) 𝚥 Hm−2(X, ∂X) ∂ Hm−3(∂X) ı Hm−3(X) → ⋯

Htor
p (X, ∂X) = Hm−p

tor (X) = Hom(Htor
m−p−1(X), ℚ/ℤ) ≅ Htor

m−p−1(X)

7
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(τ1, Σm−2) = ℓ(t1, sm−3)
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➡  ends on , but  continues as !M5[sm−3] M5[Σm−2] M2[t1] M2[τ1]

• From cohomology:  with  
  (D), but  free (N) [for ]

G7 = c8−m ω(m−1) ω(m−1) ∈ Hm−1
tor (X, ∂X) = Htor

m−2(X, ∂X)
↝ B9−m |𝔅 = δc8−m B2 |𝔅 SW ⊃ 1

N ∫
W

B2 δB9−m
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From torsion to interface

• ⋯ → H2(X) 𝚥 H2(X, ∂X) ∂ H1(∂X) ı H1(X) → ⋯
• ⋯ → Hm−2(X) 𝚥 Hm−2(X, ∂X) ∂ Hm−3(∂X) ı Hm−3(X) → ⋯
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• ⋯ → H2(X) 𝚥 H2(X, ∂X) ∂ H1(∂X) ı H1(X) → ⋯
• ⋯ → Hm−2(X) 𝚥 Hm−2(X, ∂X) ∂ Hm−3(∂X) ı Hm−3(X) → ⋯

• SYM (non-torsion) sector: Wilson ( ) / ’t Hooft ( ) defects for center sym., 
uncharged under “torsion” sector (and vice versa).

𝒲 ℋ
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From torsion to interface

• 

• 


• SYM (non-torsion) sector: Wilson ( ) / ’t Hooft ( ) defects for center sym., 
uncharged under “torsion” sector (and vice versa).


• -  / -  topological. 


➡From a TFT-perspective: equivalent to D-b.c. on a topological interface

⋯ → H2(X) 𝚥 H2(X, ∂X) ∂ H1(∂X) ı H1(X) → ⋯
⋯ → Hm−2(X) 𝚥 Hm−2(X, ∂X) ∂ Hm−3(∂X) ı Hm−3(X) → ⋯

𝒲 ℋ

M5[sm−3] M5[Σm−2] M2[t1] M2[τ1]
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From torsion to interface

• ⋯ → H2(X) 𝚥 H2(X, ∂X) ∂ H1(∂X) ı H1(X) → ⋯
• ⋯ → Hm−2(X) 𝚥 Hm−2(X, ∂X) ∂ Hm−3(∂X) ı Hm−3(X) → ⋯

• SYM (non-torsion) sector: Wilson ( ) / ’t Hooft ( ) defects for center sym., 
uncharged under “torsion” sector (and vice versa).

𝒲 ℋ

• -  / -  topological. M5[sm−3] M5[Σm−2] M2[t1] M2[τ1]

➡From a TFT-perspective: equivalent to D-b.c. on a topological interface 
in this case: half-space gauging of (invertible) symmetry 
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• ⋯ → Hm−2(X) 𝚥 Hm−2(X, ∂X) ∂ Hm−3(∂X) ı Hm−3(X) → ⋯

• SYM (non-torsion) sector: Wilson ( ) / ’t Hooft ( ) defects for center sym., 
uncharged under “torsion” sector (and vice versa).

𝒲 ℋ

• -  / -  topological. M5[sm−3] M5[Σm−2] M2[t1] M2[τ1]

➡From a TFT-perspective: equivalent to D-b.c. on a topological interface 
in this case: half-space gauging of (invertible) symmetry 

• [non-topological interfaces in stringy SymTFT see [Baume/Heckman/Hübner/Torres/Turner/Yu ’23, 
Cvetič/Donagi/Heckman/Hübner/Torres ’24, García Etxebarria/Huertas/Uranga ’24, …]]
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• Note: geometry  interface on top of ↝ 𝔅
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Plan of the talk

1. Topological SymTFT-interface in M-theory geometric engineering


2. Interfaces in SymTFT of “frozen”  SYM


3. Summary & Outlook

d ≥ 6 𝔰𝔭(N)
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SymTFT for  SYM in d≥6𝔰𝔭(N)

• M-theory on 6d  SYM;  
dual to M-theory/F-theory on frozen  /  [Tachikawa ’14].

Xm=5 = (Yell
I2N

× S1)/ℤ2 ↝ 𝔰𝔭(N)
Xell

I*N
× S1 Xell

I*N
× T2
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•

, where 0 → ℤN
⏟

⊂H2(X)

𝚥2 ℤN
⏟

⊂H2(X,∂X)

→ ℤ4⏟
H1(∂X)

→ ℤ2⏟
⊂H1(X)

→ 0 coker( 𝚥2) = ℤ2

•

, where 0 → ℤN
⏟

⊂H3(X)
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⊂H3(X,∂X)

→ ℤ4⏟
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• Stack  & charged defects for -center ( / ) and  only, 
agrees with 7d/8d results [Cvetič/Dierigl/LL/Zhang ’22, Cvetič/Dierigl/LL/Torres/Zhang ’24].

ℐ 𝔅 ↝ 𝔰𝔭 𝒲(1) ℋ(d−3) ℤ(d−3)
2
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SymTFT for  SYM in d≥6𝔰𝔭(N)

• M-theory on 6d  SYM;  
dual to M-theory/F-theory on frozen  /  [Tachikawa ’14].


• Relevant homology (odd ) [Cvetič/Dierigl/LL/Torres/Zhang ’24]: 
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, where 

, where 
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Xm=5 = (Yell
I2N

× S1)/ℤ2 ↝ 𝔰𝔭(N)
Xell

I*N
× S1 Xell

I*N
× T2

N

0 → ℤN
⏟

⊂H2(X)

𝚥2 ℤN
⏟

⊂H2(X,∂X)

→ ℤ4⏟
H1(∂X)

→ ℤ2⏟
⊂H1(X)

→ 0 coker( 𝚥2) = ℤ2

0 → ℤN
⏟

⊂H3(X)

𝚥3 ℤN ⊕ ℤ2
⊂H3(X,∂X)
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SSym = 1
2 ∫

WD+1
(C2 δBd−2 + A2 δAd−2+

1
2 A2 δBd−2)
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Constraints on IR phases

• Anomaly-term in SymTFT distinguishes frozen  SYM from “gauge sector + 
decoupled defects”.
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Constraints on IR phases

• Anomaly-term in SymTFT distinguishes frozen  SYM from “gauge sector + 
decoupled defects”.

𝔰𝔭(N)

• In particular: gives mixed anomaly for absolute  theory.Sp(N) + ℤ(d−3)

• Anomaly matching  IR phase cannot be trivially gapped.↝
‣ Analogue of 2d “intrinsically gapless (ig) SPT” [Scaffidi/Parker/Vasseur ’17, Thorngren/

Vishwanath/Verresen ’20, Wen/Potter ’22+’23, Bhardwaj/Pajer/Schafer-Nameki/Warman’ 24]

• Trivial with SUSY, but: symmetry structure depends only on topology of X
➡Should hold with SUSY breaking but topology preserving deformations of 

geometric engineering setup!
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Summary & Outlook

• Torsional (co-)homology in geometric engineering gives SymTFT-interface; 
admit a “club sandwich” description.


‣ Constructions of -SYM in  have interfaces for additional 1-/(d-3)-
form symmetries.


‣ “igSPT”-global forms cannot be deformed to flow to a trivially gapped 
theory in IR.


• Extension to 5d theories / CY3’s?


• Coupling to gravity / completing into compact setup?

𝔰𝔭 d ≥ 6
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Thank you!


