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Generalized Symmetries what for? 
Generalized symmetries are ubiquitous in physics, from condensed matter to the standard model. 

Direct applications:

• Classification of phases of matter (Landau paradigm/dream). Phases are described in terms of 
generalized symmetries realization (preservation, spontaneous breaking…) and their anomalies

• Novel selection rules on correlation functions

Other applications come from looking at the full symmetry structure: Higher-symmetry structure
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This nested symmetry structure has phenomenological applications:

• Symmetries do not exist in quantum gravity, they can emerge at low energy scales in the effective 
field theory, they are broken by higher order operators or by screening via light charged objects 

 
Higher symmetry structure provides emergence hierarchy, E(p1) ≲ E(p2)

E(p1) E(p2)

Γ(p1), Γ(p2) Γ(p2)IR UV

[Heidenreich, McNamara, Montero, Reece, Rudelius, Valenzuela 20,21; Rudelius, Shao 20; Cordova, Ohmori, Rudelius 22; Brennan, Cordova 20 …]



Non-invertible sym in 4d QED
ABJ anomaly, tells us that a  symmetry is broken quantum mechanically, due toU(1)A
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Emergence constraint: breaking breaks also , therefore U(1)(1)
m ⇒ Γ(0)
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[Choi, Lam, Shao 22; Cordova, Ohmori 22]
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The 4 currents are

Similarly to QED the non-conserved currents lead to non-invertible sym and emergence constraints:

Higher symmetry structure  tension of charged defects, couplings on their worldvolume theories 
(e.g. monopoles, axion strings), selection rules on correlators involving these defects (Witten effect) 

⇒

Goal: study more general symmetry structure in a large class of 4d models of vectors with a neutral 
sector, i.e. Gaillard-Zumino (GZ) models

[Choi, Lam, Shao 22; Yokokura 22; Del Zotto, Dell’Acqua, Garding 24; Sehayek, Craig 26]



Gaillard-Zumino Models
Effective field theories in 4 space-time dimensions with Lagrangian

     

Field Content:

• Gauge fields: 

• Neutral sector:    scalars or fermions, we will usually consider scalars

These models have a classical invariance of the e.o.m. given by

•

•

•  is a continuous symplectic rotation

•  is a continuous group, called GZ group, and  is an element of its symplectic representation

ℒ(F, ϕ)

FI = dAI, I = 1,…n
ϕi

ϕi → f𝒮(ϕi), 𝒮 ∈ 𝒢 ⊂ Sp(2n, ℝ)

(FI

GJ) → 𝒮 ⋅ (FI

GJ), GJ = 2π
∂ℒ
∂FJ

𝒮 = (A B
C D),

𝒢 𝒮

[Gaillard-Zumino ’81]



Gaillard-Zumino models examples

A first example that we encountered and fits into the GZ models is axion-Maxwell

A second example with  is axion-dilaton-Maxwell or -Maxwell, where 

 

A third set of example with  vector fields and  complex scalars   is the 
bosnic sector of N=2 supergravity in 4d,

We will study the GZ symmetries of these models later on.

n = 1 τ τ =
ϑ
2π

+ ie−ϕ

ℒ = −
1

4π
Imτ F ∧ ⋆F −

1
4π

Reτ F ∧ F − 𝖿2 dτ ∧ ⋆dτ̄
(Imτ)2

n U(1) n − 1 ϕi = ai + isi

ℒ =
1

4π
Im𝒩IJ(ϕ)FI ∧ ⋆FJ +

1
4π

Re𝒩IJ(ϕ)FI ∧ FJ −
1
2

𝒦ij(ϕ)dϕi ∧ ⋆dϕ j
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ℒ(F, f𝒮(ϕ)) = ℒ𝒮(F, ϕ)

  describes a physically equivalent (dual) theories.ℒ𝒮(F, ϕ)

GZ condition:

 ℒ(F̃, f𝒮(ϕ)) = ℒ𝒮(F̃, ϕ) = ℒ𝒮𝒮−1(F, ϕ) = ℒ(F, ϕ), ( F̃I
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GJ)
This is satisfied if , symplectic transformation 𝒮 ∈ 𝒢 ⊂ Sp(2n, ℝ)

𝒮tΩ𝒮 = Ω, Ω = ( 0 1
−1 0)

It tells us that the transformation on the neutral sector can be absorbed by a symplectic 
transformations on the field strengths

[Gaillard-Zumino ’81]
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Gaillard-Zumino non-invertible defects

Σ

𝒟𝒮(Σ) = 𝒰𝒮(Σ) × 𝒲𝒮(Σ)

ℒ(FL, ϕL) ℒ(FR, ϕR)
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Gaillard-Zumino non-invertible defects

By combining the two operation we get topological symmetry defects, 

•  label (non-invertible) symmetry defects, non-inv. follows from interfaces

•  are invertible
The GZ condition implies that the defect commute with  , i.e. 

𝒢ℚ ≡ 𝒢 ∩ Sp(2n, ℚ)
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Σ
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Gaillard-Zumino non-invertible interfaces

We can rely on the following decomposition on any  (choice of generators)𝒮 ∈ Sp(2n, ℚ)

𝒮Ω = ( 0 1
−1 0), 𝒮𝖠 = (𝖠 0

0 𝖠−1) 𝖠 ∈ GL(n, ℚ), 𝒮𝖢 = (1 0
𝖢 0), 𝖢IJ = 𝖢JI ∈ ℚ

By fusing      .𝒲𝖠, 𝒲𝖢, 𝒲Ω, → 𝒲𝒮(Σ)
For  the interface has already been constructed and extensively studied, S-duality wall Ω
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𝒮Ω = ( 0 1
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𝖢 0), 𝖢IJ = 𝖢JI ∈ ℚ

By fusing      .𝒲𝖠, 𝒲𝖢, 𝒲Ω, → 𝒲𝒮(Σ)
For  the interface has already been constructed and extensively studied, S-duality wall Ω

𝒲Ω(Σ) = exp ( i
2π

δIJ ∮Σ
AI

L ∧ dAJ
R) → (FI

GJ)L
= ( 0 1

−1 0) (FI

GJ)R

Σ

𝒲𝒮(Σ)

ℒ𝒮(FL, ϕL) ℒ(FR, ϕR)



 (non-invertible) interface 𝒲𝖠(Σ)
Let us pick 𝒮𝖠 = (𝖠 0

0 𝖠−1) 𝖠 ∈ 𝖦𝖫(n, ℚ),

This interface is the generalization to the gauging interface of (non-anomalous) finite subgroup of the 
electric and magnetic 1-form symmetries.

We can consider a matrix factorization  A = M−1E, M, E ∈ Mat(n, ℤ)
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𝒲𝖠(Σ)

ℒA(FL, ϕL) ℒ(FR, ϕR)

FI
L = AI

JFJ
R

For n=1 
[Córdova-Ohmori ’23
Niro-Roumpedakis ’22
Hasan-Maynet-Migliorati 
’24]
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2π ∮Σ
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Ã − i ℓ∮γ

A), (𝕃 = (ℓ̃, ℓ)) 𝒮 ∈ 𝒢 ∩ Sp(2,ℚ)

𝒮𝕃 ≠ ℤ2

To recap: 

‣non-invertible topological defects generically labelled by  elements𝒢ℚ

‣ invertible topological defects, 𝒢ℤ



axion-dilaton Maxwell 



- Maxwell and Sl(2,R)τ
A simple  generalization is axion-dilaton-Maxwell or -Maxwell, where n = 1 τ τ =

ϑ
2π

+ ie−ϕ

ℒ = −
1

4π
Imτ F ∧ ⋆F −

1
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Reτ F ∧ F − 𝖿2 dτ ∧ ⋆dτ̄
(Imτ)2

As a GZ model has a and ,  the action on  reads𝒮 ∈ 𝒢 = Sp(2,ℝ) = Sl(2,ℝ) τ

f𝒮(τ) =
𝖽τ − 𝖼
𝖺 − 𝖻τ

, 𝖺𝖽 − 𝖻𝖼 = 1

 transform with (F
G) 𝒮 = (𝖺 𝖻

𝖼 𝖽) ∈ Sl(2,ℝ)

Due to the interfaces we focus on the rational part , it is convenient to pick a set of generators Sl(2,ℚ)
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GZ Topological defects for - Maxwell τ
We apply the same strategy where 

For the interface we specify the general ones for n=2, and we obtain      .

 define the symmetry defects labeled by 

𝒢 = Sl(2,ℝ)

𝒰𝒮(Σ) = exp ( 2πip
n ∮Σ

⋆ jT), ⋆ jT = − 𝖿2 ξT(τ) ⋆ dτ̄ + ξ̄T(τ̄) ⋆ dτ
(Imτ)2

, T = (𝗎 𝗏
𝗐 −𝗎) ∈ sp(2,ℝ) . δTτ = ξT(τ) = − 𝗐 − 𝟤𝗎τ + 𝗏τ𝟤

𝒲𝖠, 𝒲𝖢, 𝒲Ω, → 𝒲𝒮(Σ)

𝒟𝒮(Σ) = 𝒰𝒮(Σ) × 𝒲𝒮(Σ) 𝒢ℚ = Sl(2,ℚ)

Σ

𝒟𝒮(Σ) = 𝒰𝒮(Σ) × 𝒲𝒮(Σ)

ℒ(FL, τL) ℒ(FR, τR)ΣΣ′￼

𝒲𝒮(Σ′￼)

ℒ(FR, ϕR)
Σ

𝒰𝒮(Σ)

ℒ(FL, ϕL) ℒ(F, f𝒮(ϕ))

ℒ𝒮(F, ϕ)
=

Σ
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Im𝒩IJ(ϕ)FI ∧ ⋆FJ +

1
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1
2

𝒦ij(ϕ)dϕi ∧ ⋆dϕ j
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Rich symmetry structure: emergent constraints, hierarchy of scales and charged defects 
(generalization of axion strings, monopoles) from symmetry structure vs  and         
[Marchesano, Melotti 22; Marchesano, Wiesner 22; Hassled, Monnee, Weigand, Weisner 25]

TF1 ≲ TD4 TNS5



• ’t Hooft anomalies and mixed gravitational anomalies

‣ invertible part:  [Witten ’95] [Seiberg-Tachikawa-Yonekura ’18] [Hsieh-Tachikawa-Yonekura ’19]

‣non-invertible part labelled by    [Antinucci-Benini-Copetti-Galati-Rizi ‘23] [Cordova-Hsin-Zhang ‘23] [Antinucci-Copetti-Gai-Schäfer-Nameki ’25] [Del Zotto-
Dell’Acqua-Garding ’25]

• Higher supersymmetry and breaking by gauging the discrete invertible part? [Delgado-van de Heisteeg-Raman-Torres-Vafa-
Xu ’24]

• Toroidal compactifications lead to non-invertible  symmetry. Laboratory to quantify the 
scale at which the non-invertible symmetries become approximate. [WIP with Bachas-Leone-Mancani-Martucci]

• Wormholes, worldsheet instantantons and GZ symmetries [Martucci, Risso, Valenti, Vecchi 24; Maldacena, Maloney McPeak 26; Di Ubaldo, 
Iliesiu, Lin, Yan 26]

𝒢ℤ

𝒢ℚ

O(d, d, ℚ)

Conclusions and outlook
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Fusion and non-invertibility
 is invertible: , in addition many fusion rules will behave group theoretically 𝒟Ω 𝒟Ω × 𝒟Ω−1 = 1

𝒟𝒮 × 𝒟𝒮′￼
= 𝒟𝒮S′￼

 is instead non-invertible and its fusion leads to the condensation defect𝒟𝖠

𝒟(𝖾,𝗆)
𝖠 × 𝒟(𝖾,𝗆)

𝖠 = 𝒲(𝖾,𝗆)
𝖠 × 𝒲(𝖾,𝗆)

𝖠−1 = 𝒞(𝖾,𝗆)
𝖠 ≠ 1
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 fuses non-invertibly as well  [Choi, Lam, Shao ’22]𝒟𝖢 𝒞(𝗇,1)
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𝖢 × 𝒲(𝗇,1)
𝖢

[Córdova-Ohmori ’23 
Niro-Roumpedakis ’22 
Hasan-Maynet-Migliorati ’24]
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The non invertible defect is 𝒟q,p(Σ) = 𝒰q,p(Σ) × 𝒲q,p(Σ)
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The construction proceeds in two steps. We first construct the (non-topological) defects implementing 
the transformation on the scalar, for 𝒮 ∈ 𝒢 ⊂ Sp(2n, ℝ)

𝒰𝒮(Σ) = exp (i∮Σ
⋆ jT)

Σ

𝒰𝒮(Σ)

ℒ(FL, ϕL) ℒ(FR, f𝒮(ϕR)) = ℒ𝒮(FR, ϕR)

≠ ℒ(FR, ϕR)

Gluing Condition: 

ϕi
L = f i

𝒮(ϕR)



GZ Topological defects
Non-invertible defect  labelled by the element   (rescaling or gauging):𝒟𝖠 𝒮𝖠

(FL, GL, τL) |Σ = (F, G, (𝖾/𝗆)2τ) |Σ

Σ′￼ ℒ(FR, τR)
Σ

ℒ(FL, τL) Σ ℒ (F, ( 𝖾
𝗆 )

2

τ) = ℒ𝖠(F, τ)

𝒰(𝖾,𝗆)
𝖠 (Σ) = exp [4i𝖿2 log ( 𝗆

𝖾 )∮Σ

Re (τ̄ ⋆ dτ)
(Imτ)2 ]

(F, G, τ) |Σ = ((𝗆/𝖾)FR, (𝖾/𝗆)GR, τR) |Σ′￼

𝒲(𝖾,𝗆)
𝖠 (Σ) = ∫ Db exp [ i

2π ∮Σ
b ∧ (𝖾FL − 𝗆FR)]

[Córdova-Ohmori ’23
Niro-Roumpedakis ’22
Hasan-Maynet-Migliorati 
’24]
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𝒲(𝖾,𝗆)
𝖠 (Σ) = ∫ Db exp [ i

2π ∮Σ
b ∧ (𝖾FL − 𝗆FR)]

Σ𝒟(𝖾,𝗆)
𝖠 (Σ) = 𝒰(𝖾,𝗆)

𝖠 (Σ) × 𝒲(𝖾,𝗆)
𝖠 (Σ) ℒ(FL, τL) ℒ(FR, τR)Σ

(FL, GL, τL) |Σ = ((𝗆/𝖾)FR, (𝖾/𝗆)GR, (𝖾/𝗆)2τR) |Σ′￼

[Córdova-Ohmori ’23
Niro-Roumpedakis ’22
Hasan-Maynet-Migliorati 
’24]



Gaillard-Zumino symmetry defects for Axion-Maxwell

Defect for  where  is the minimal 3d TQFT coupled to  , ( )    
[Choi, Lam, Shao ’22]

     

𝒟𝖢, 𝒜(𝗇,𝗉)
Σ [FR/𝗇] FR 𝒜(𝗇,1)

Σ [FR/𝗇] = U(1)n[FR/𝗇]

(FL, GL, ϑL) |Σ = (F, G, ϑ − 2π𝗉/𝗇) |Σ

Σ′￼ ℒ(FR, τR)
Σ

ℒ(FL, τL)

= ℒ(F, τ) +
𝗉

4π𝗇
F ∧ F

Σ ℒ (F, τ −
2π𝗉

𝗇 ) = ℒ(𝗇,𝗉)
𝖢 (F, τ)

𝒰𝖢(Σ) = exp [ 2i𝗉
𝗇

𝖿2 ∮Σ

⋆ dReτ
(Imτ)2 ]

(F, G, ϑ) |Σ = (FR, GR + (𝗉/𝗇)FR, ϑR) |Σ

𝒲(𝗇,𝗉)
𝖢 (Σ) = ℐ(𝗇,𝗉)

Σ [FR /𝗇]∫ Db exp [ i
2π ∮Σ

b ∧ (FR − FL)]

gcd(𝗉, 𝗇) = 1 ⇒ ℐ(𝗇,𝗉)
Σ [FR /𝗇] = 𝒜(𝗇,𝗉)

Σ [FR /𝗇]

gcd(𝗉, 𝗇) ≠ 1 ⇒ ℐ(𝗇,𝗉)
Σ [FR /𝗇] ⊃ exp (−

i𝗄
4π ∮Σ

AR ∧ FR),

𝗄 ∈ ℤ
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