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Introduction to kernel smoothing

Motivation

o distribution of a random variable Y|(X = x)
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Introduction to kernel smoothing

Kernel smoothing, kernel function

A real valued function K satisfying
Q Kelip[-1,1],ie. |[K(x)—K(y)| < Llx—yl|, Vx,y € [-1,1], L > 0,
Q supp(K) = [-1,1],
© moment conditions:

1 1 J=0,
/ X K(x)dx = {0 Jj=1,
! Bo(K)#0 j=2

is called a kernel of order 2.
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Introduction to kernel smoothing

truction of the estimator

@ main idea of construction
~
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o the conditional density of a random variable Y|(X = x)

(v = o)
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Introduction to kernel smoothing

Types of kernel conditional density estimators

Kernel conditional density estimator

Flylx) =D wi(x)Kn, (y — Vi),
i=1
o Nadaraya-Watson weights ([1])
Khx (X - X,)

> Kn, (x — Xi)
=1

w;i(x) =

o local linear weights ([2])

(82(x) — (x — X))81(x)) Kn.(x — X;)
30(x)%(x) — 82(x)

where §,(x) = 2 3" (x — X)) Kp, (x — X))

w;i(x) =
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Statistical properties of the NW estimator

Asymptotic Bias (AB) and Asymptotic Variance (AV)

Theorem. ([5]) Let hy — 0, hy — 0, nhyh, — o0 as n — co. The
asymptotic bias (AB) and asymptotic variance (AV) are given by the
expressions

?f(y|x) ) +%h§62(K)82f(y|X)

A {f(y1x)} = 3#26(k) (252) + o

g(x) Ox?

1 RAK)F(ylx)
nhyh, g(x)

AV { fuw(ylx) }
where R(K) = [ K?(t)dt.

o optimal values of bandwidths

MSE {fNW(y|x)} — MISE {fNW (.|.)} — AMISE {FNW (.|.)} Sy
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Statistical properties of the NW estimator

Optimal values of the smoothing parameters |

o local measurement of the quality: Asymptotic Mean Squared Error

AMSE {fuw(v19} = (AB {Aw(r10})* + AV {Aw (10}

_ (1 g'(x) | O*Flylx) 1 2y \* | RA(K) flylx)
- (Ehiﬂz(K) <2m+ o >+§h§ﬂz(K) By ) b 209

o global measurement of the quality of the estimate: Mean Integrated
Squared Error

MiSE { (1)} = [[ 2 (v = 1)} () axaty

o Asymptotic Mean Integrated Squared Error

AMISE { fuw ()} = nhC1h + Coh® + csh 4 b2k
xhy
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Statistical properties of the NW estimator

Optimal values of the smoothing parameters |l

Optimal values of the smoothing parameters: AMISE {fNW(-|-)} — min

S\ 1/ o\ 3/ —1/6
h; = n_l/ﬁcll/6 (4 (—3) +2c° (—3) ) )
Cy Ca
/4

’ 2 2
o= // 152k (223 +2 g(;\@) g(x) dy dx,

2 x 2
c3=// %ag(x) <8 g(yyzl )> g(x)dy dx,

_ 1 g'(x) | PFlylx) 9*Fylx)
C4—// EBZ(K) <2 20) +7Bx2 ) By2 g(x)dy dx.
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Methods for bandwidth estimation

The cross-validation method (

o proper estimation of the Integrated Squared Error
I [ 2~
€V he) = 23 [ Fm G116 @y =3 (%),

where f_,-’NW (Y;|X;) is the estimate
in the point (X;,Y;) using points
{(X5,Y5) g # i}

o bandwidth estimation:

(hCV, iifv) = arg min CV/(hy, h,)
(hxshy)

SR
<BRRR
SRR
KR
RSO
SRR
N aiie
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Methods for bandwidth estimation

The iterative method (/6])

o proper relation between the terms setting AMISE:
AV { (1) b = 2188 {fuw(1) } =
@ an approximation of the AISB term:

ISB fNW // blas fNW(y|x)})2§(X)dxdy

KX K s -Y)
// 22Ky vz (x = Xi) = fnw(ylx) | &(x)dxdy

o additional equation:

¢ given by the reference rule ([1])
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Methods for bandwidth estimation

The leave-one-out maximum likelihood method

@ modified likelihood function
L(he, hy [ X,Y) =T Fnw (Y5 X))
j=1

o the estimations of the smoothing parameters:

(h%, Bf) =argmax L (hy, h, | X,Y).
(heshy)

o the likelihood function (left) and modified likelihood function (right)
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Methods for bandwidth estimation

The leave-one-out maximum likelihood method

o modified likelihood function
L(he, hy [ X,Y) =T Fnw (Y5 X))
j=1

@ the estimations of the smoothing parameters:

(hZ, Bf) =argmax L (hy, h, | X,Y).
(b hy)

o the likelihood function (left) and modified likelihood function (right)
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Application on a real data

introduction

o the airquality data from the datasets package in R

@ daily air quality in New York, May 1 to September 30, 1973
o Ozone: Mean ozone in parts per billion

o Temp: Maximum daily temperature in degrees Fahrenheit

153 observations in total, 116 observations included due to missing
values

comparison of the proposed methods: cross-validation method (CV),
the iterative method (IT), the leave-one-out maximum likelihood
method (ML)
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Application on a real data

Results

e Temperature | Ozone

method hy h, computational time [s]
cv 5.61 3.29 182
IT 21.87 4.39 67.6
ML 6.28 2.89 313

80 90 100

Temperature [°F]
70

50 100 50 100 : 50 100 150
Ozone [ppb] Ozone [ppb] Ozone [ppb]
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Application on a real data
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