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¥ Neutrino Oscillation Amplitudes in vacuum:

P(vy — ve) \.Au,elz “the billion $ process”
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Neutrino Oscillation Amplitudes in vacuum:

P(vy — ve)
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¥ Neutrino Oscillation Amplitudes in vacuum:

P(vy — ve) \.Au,elz “the billion $ process”
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A;j = Am;L/AE + (2623013812612) e " sin Agy

maintain the symmetry: m% > m% with 819 — /2 — 019 and 6 — & L .

Denton, Minakata, SP arXiv:1604.08167

1A39 1A31

not unique: sin Ay = e sin Ag; — e sin Ags

AP CP — 2 (2823813613) (2623613812612) sind sin A21 sin Agl sin Agz

Aso ~ Agq

~ A . _5
Aue =~ (2523513c13) €731 sin Agy + (2ca3¢13512¢12) €

sin Agl
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3 Vy — Ve ¢
A3l = 2893513¢13 Sin Agq A1 = 2c13c23512¢12 5N Aoy
Aij = AmgjL/élE

Aje = A3+ et (0F832) Ay

Py, — ve) = Ape A,
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3 Vy — Ve v
A3l = 2893513¢13 Sin Agq A1 = 2c13c23512¢12 5N Aoy
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P(vy — ve) = Aue A7,
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A,,;j = Am,%jL/élE
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In Vacuum:

2

3 .m%L
P(vg — va) = Z UaiUg, €' 2E Ami; = mi — m]
1=1
0 Am?Z. L
. TTX * . 2 19
= Su5— 4 Z Re[UaiU U, Upy) sin” ——
J>1
S Im[Un U U U s Am?)QL . AmglL . Am%BL
m|Uq sin sin sin
HALT a2 A AE AE AE
3 flavor
4 sin —ATE%QL sin —AT%L sin —AT%L = sin —AT;E%QL + sin —AZ%L + sin —A?23L
CPV: ~ (L/E)? not ~ (L/E)"
Wronskian is non-vanishing as function of L/FE
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In Matter:

d Ve
Zd_V — HV vV = Vp
L
V’T
| 0 0 0 a(z) 00
H=_—-qU|0Am5 0 U+ 0 00
0 0 Am? 0 00

Y, B
0 = 2V2GrN.E ~ 1.52 x 10~* P eV2.
g.cm™3 GeV
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In Matter:
cd Ve
Zd_V — HV vV = Uy
X U
| 0 0 0 a(z) 00
H=_—-qU|0Am5 0 U+ 0 00
0 0 Ami 0 00

Y, B
0 = 2V2GrN.E ~ 1.52 x 10~* P eV2.
g.cm™3 GeV

E = 300 MeV then a ~ Am3,
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Methods for Solution:
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Methods for Solution:

e Numerical Methods:

Yes, FINE for experimental analysis of data
but limited physical understand !

e.g. Magic Baseline
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Methods for Solution:

e Numerical Methods:

Yes, FINE for experimental analysis of data
but limited physical understand !
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e Analytic Methods:

i I i
P(vg — va; L) = |Sasl”. S = Texp —i/o deH (x)
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het

Methods for Solution:

e Numerical Methods:

Yes, FINE for experimental analysis of data
but limited physical understand !

e.g. Magic Baseline

e Analytic Methods:

i I i
P(vg — va; L) = |Sasl”. S = Texp —i/o deH (x)

too complicated for arbitrary a(x) !

- make simplification that a is constant |

(good approximation for many experiments).

T |
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Exact Analytic Solution:

e Solve Cubic Characteristic Eqn.

- (a+ Am3s, + Am%l) )\
+H[Am3,Am3, + a {(0%2 + 579873) Amay + C%3Am§1}] A

2 2 2 2 _
— C12C1306Amy Am, =0

Stephen Parke, Fermilab DPF 2017

713112017




het

Exact Analytic Solution:

e Solve Cubic Characteristic Eqn.

- (a+ Am3s, + Am%l) )\
+[Am3,Am3, +a { (1o + 5T2513)Am3; + C13Am31}

2

— cl2cl3aAm21Am31

See Zaglauer & Schwarzer, Z. Phys. C 1988

1

A= gs—lw —3{u+3(1—-u?],

1 1
)\2= §s— 5\/s2—3t[u—m],

1 2

Ay= §s+ gu\/s2—3t,
s=A,+As+a,
t=AyAz+a[Ay(1—sheh) +Az(1-s33)],

1 25395t +27al,; A5 ¢3¢,

icos—l( 2(s2—31)" )]

here Aij = Amfj

U=CoS

T
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Exact Analytic Solution:

e Solve Cubic Characteristic Eqn.

- (a+ Am3s, + Am%l) )\
+[Am3,Am3, +a { (1o + 5T2513)Am3; + C13Am31}

— c2ocisaAma Ams, =0
See Zaglauer & Schwarzer, Z. Phys. C 1988
M= 5= 3\ iu B .
e then calculate mixing

= 35 33— B angles in matter

=Lt 2T or mixing matrix, V:
s=Ap+Ayta, eg Kimura Takamura

=458 +a[ Ay (1= shel) +HAs(1=s1)], & Yokomakura PLB, PRD 2002

1 [25*—9st+27aAy Ay ¢t

I l( 2(s*=31)" )]

here A'ij = Amfj

I |
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then Oscillation Probablities

with A;'s and V,; in matter then

5 2

N\ L
Plvg—=va) = | ) VaiVgi e 2"

1=1
3 (A =)L
= O0qp — 4 Z Re[VaiVi3iVa; Vsl sin” == 4F Z
J>1
A3 =X)L . (A —A)L . (M —A3)L
s |m[VQ1V51V;2V52] Siﬂ( 3 2) Sil’l( 2 1) Siﬂ( 1 3)

1K 1K 1K
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then Oscillation Probablities

with A;'s and V,; in matter then
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Plvg—=va) = | ) VaiVgi e 2"
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= O0qp — 4 Z Re[VaiVi3iVa; Vsl sin” == 4F Z
J>1
A3 =X)L . (A —A)L . (M —A3)L
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1K 1K 1K

same as VACUUM with m? — A\; and Uy; — Vi 1]

Wronskian is nonvanishing,

Are we done 7
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Exact Analytic Solution Issue:

e Solve Cubic Characteristic Eqn.

- (a+ Am3s, + Am%l) )\
+[Am3,Am3, +a { (1o + 5T2513)Am3; + C13Am31}

2 _
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Exact Analytic Solution Issue:

e Solve Cubic Characteristic Eqn.

- (a+ Am3s, + Am%l) )\

+HAm3Am3, + a {(0%2 + s79813) Am3, + C%SAmgl}] A

2 2 2 2 _
— C12C1306Amy Am, =0

o a =20

o or Am3, =0
e or sinflio =0
® Or Siﬂ(glgzo

THEN characteristic Egn
FACTORIZES |
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Exact Analytic Solution Issue:

e Solve Cubic Characteristic Eqn.

- (a+ Am3s, + Am%l) )\

+[Am3,Am3, +a { (1o + 819573)Amay + C13Am31}
— Ciacizalms; Ams, =0

IF See Zaglauer & Schwarzer, Z. Phys. C 1988

A= %s—l\/s —3tfu++3(1—u?)],

o p—

a O B' lT A= %s—l\/s —3tfu—+3(1—u?)],

® Or Am%l — O )\3=%s+§u\/s2—3t,
s=A+Aq+a,

® Or S1n 912 — O t=0A5A5+a[Ay(1—stc) + Ay (1—533)],

lcos 1(2s 9sz+27aA21A3lclzcl3)]’

U=COS| =
[3 2(s2—31)%?

e or sinfli3 =10
here A;; = Am,

THEN characteristic Egn
FACTORIZES |

Stephen Parke, Fermilab DPF 2017 7/31/2017



het

Exact Analytic Solution Issue:

e Solve Cubic Characteristic Eqn.

- (a+ Am3s, + Am%l) )\

+[Am3,Am3, +a { (1o + 819573)Amay + C13Am31}
— Ciacizalms; Ams, =0

IF See Zaglauer & Schwarzer, Z. Phys. C 1988

A= %s—l\/s —3tfu++3(1—u?)],

o p—

a O B' lT A= %s—l\/s —3tfu—+3(1—u?)],

® Or Am%l — O )\3=%s+§u\/s2—3t,
s=A+Aq+a,

® Or S1n 912 — O t=0A5A5+a[Ay(1—stc) + Ay (1—533)],

lcos 1(2s 9sz+27aA21A3lclzcl3)]’

U=COS| =
[3 2(s2—31)%?

e or sinfli3 =10
here A;; = Ams,

THEN characteristic Egn
FACTORIZES |

Stephen Parke, Fermilab DPF 2017 7/31/2017



het

Exact Analytic Solution Issue:

e Solve Cubic Characteristic Eqn.

- (a+ Am3s, + Am%l) )\
+[Am3,Am3; + a {(6%2 + 579873) Amay + C%3Am§1}] A

2

2 2 2 _
— C12C1306Amy Am, =0

BUT

® Or Am%l — O
e or sinflio =0
e or sinfli3 =10

THEN characteristic Egn
FACTORIZES |

See Zaglauer & Schwarzer, Z. Phys. C 1988

1

A= §S— ;\/H[u-*_m]’

1

S NF B u— B,

)\2_

A3

3% 3
=3stgu s°—3t,

s=A+Aq+a,

t=AyAy+a[Ay(1—shely) +Ay(1—-53)],

1 _1( 253 —9st+27al Ay, c2,¢?
=CO0S| - Ccos
3 2(s2—31)%?

here A;; = Ams,

DOES NOT

)l

TRIVIALLY SIMPLIFY !

Stephen Parke, Fermilab

DPF 2017
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2 flavor mixing in matter
ar’+bx+c=0

simple, intuitive, useful
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2 flavor mixing in matter
ar’+bx+c=0

simple, intuitive, useful

3 flavor mixing in matter
ar’ +bx’+cx+d=0

complicated, counter intuitive, ...

11
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need more of a physicists approach:

Perturbation Theory

® SIn 913 ~ (.15

for Long Baseline Experiments using Am3,/Am?%, is more appropriate.

T
12
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2 V
need more of a physicists approach:

Perturbation Theory

® SIn 913 ~ (.15

for Long Baseline Experiments using Am?2,/Am3, is more appropriate.

e Treat 03 exactly first, then do perturbation theory in

€ S12C12 — S12C12 Amgl/Amge ~ 0.015

12
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New Perturbation Theory for Osc. Probabilities

v, — Ve, L = 1300 (km), 6 = 37/2, NO

e

& 10-°
A
< 108

10—10

10~12 }

—— Zeroth —— First —— Second
—14 . . ! , . . . e
107593 1.0 10
E (GeV)

systematic expansion
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New Perturbation Theory for Osc. Probabilities

Uy = Ve, L =1300 (km), 0 = Sﬁ/Q’. NO U, — U, L = 1300 (km), 6 = 37/2, NO

—12
10 — Zeroth —— First —— Second —  Second
10~14 T : : — . . . . .
0.3 1.0 10 0.3 1.0 10

systematic expansion
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Hamiltonian: 0

. 0 0 0 I ]
H=_—-JU|0 AmZ, 0 U +
0 0 Amg,

oS O R
o O O
o O O

Rewrite as H = Hy + H;

where Hy 1s diagonal

and H; is off-diagonal.
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1 A
Hy = —— Ab
2F _ A, _
& L diag(0. Ap, A
E = L diagOhn e M)
=
= Ao = a+ (si3 + estp) Ame, ,
o0 2 2
'5 )\b — EClemee,
Ae = (c2a + €5%5) Am?
C 13 12 ee
I 1 ] 2 I C13 |
A?TLQ Amee
H{ = sj3ci3 2E€€ 0 + € 512C12 oF C13 —S13

I 1 _ I i —513 _
0.15 0.015
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Diagonization:

U(p) = ( “ S(b) : sin(2¢) = S 4jx>\ and cos(2¢) = i\c : ia
0 o 0 o

A= Aa Ae— Ao
N — e A, — A
A= Ae Aa— Ag

Sé: —
Ap— Ao Ap— Ao

OR
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eigenvalues

|-3 Rotation @ Is 013 in matter
2 / ¢7 9127 9237 5
>‘o=)"o / )
= o $13C13AMmZ,
% Qb Qb )\_|_ o )\_ )
1 v 0 v ’OE
A =5 [()\a ) Fsign(Am2 )/ Ow — A)2 1 4(313(;13Amg€)2} |

Ao = Ny = eciyAm?

ee )’

Hy = ﬁ dia’g()‘—7 )\07 )‘—F)

Amge Cl¢p—0613)
H{ = € s19¢19 o5 C(p—613) S(¢p—013)
i S(¢p—013) _

H. Minakata + SP arXiv:1505.01826
Stephen Parke, Fermilab NuFact 2017 / Uppsala, Sweden 9/28/2017
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Ve Survival Probability:
L O = AL

P(v. = v.) = 1 —sin® 2¢ si
(Ve = Ve) sin” 2¢ sin s

Ay =] =/ (Am2, — 0)® + ds2,aAm2,

18
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Ve Survival Probability:

.9 o (A — AL
P(ve — ve) =1 —sin“2¢ sin
4F
v, disappearance

110 | | Iel I | | |
—~ - | | | | -

§ 100 :/_\ ; |)\_|__)\_‘:\/(Amge_a)2+48%3aAmge
90k _i
A - ]
| 80 — —
© : L=3000 km 1
o 70 — —]
o R EF
. - | | | | -
X 100~ A ]
< 90F =
/|\ 80 — -
o - L=5000 km -
= 70 — —
- 60 - S B | T e

2 3 10 20 o0 100
E (GeV)

exact - approx - vaccum
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Ve Survival Probability:

(AL
P(ve — v,) = 1 —sin”2¢ sin
4F
v, disappearance

N 110 E | | | L | | | | | L |E
§ 100 :/_\ ; |)‘—|— - )‘—‘ — \/(Amge _ a)2 + 48%3aAmge
S0 E

A = ]

| 80 — —

K : L=3000 km ]
= 70— | | | | - depth of first minimum

110 F— ||||||| | i ||||||: 9 2
- = . Am ,

g 100 A : sin? 2013 — ()\+ _e;_) sin? 2613
—~ 2% =

e 90F —

N BOE —

, : L=5000 km 3
A 0 —3

D_| 60 - ] ] | | I I | | ] ] | | 1 1 |:

2 o 10 20 o0 100
E (GeV)

exact - approx - vaccum
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Ve Survival Probability:

90 o2 (A —A)L
P(ve — v,) = 1 —sin”2¢ sin s
v, disappearance

N 110 E | | | | L | | | | | | IE
X100 bA 0 s A =/ (Am2, — ) + 4s3aAm2,
S 9ok —
VAN [ _
| 80 — —
o - L=3000 km 3
T 0 | | | | B depth of first minimum

110 —+—+—++H —

: | | | R AmZ, \°

R 100 A 1 sin®20i3 — ( " _e;_) sin” 2613
—~ ) ]
x 90F =
T 80 — N
. = ,=5000 km . energy at first minimum
= 70 — —
A - . Am?2. L Ay — A_)L

60 C | | | L 111 | | | | | L 1117 €e N ( + ) .

2 5 10 20 50 100 I I

E (GeV)
exact - approx - vaccum

Stephen Parke, Fermilab DPF 2017 7/31/2017



3= then |-2 Rotation | | ¢
Y is 012 In matter

¢7 "pv 9237 0

EC(¢_913) 512C12 Amge
SpCop — A)\Ql

)\_)2 + 4(€C(¢_913)612812Am26)2J y

HO — ﬁ dia’g()\la )\27 )\3)

Am? 5y
Hy = ¢ S(¢p—013) S12C12 2E€e Ca))
: — S, C
ZERO in vacuum !'!! - v -

i In m r . .
$ s U1z In Matter  pponion + H. Minakata + SP arXiv:1604.08167
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2 V
Mixing Angles and Masses in Matter:

In matter 613 — ¢ and 615 — 7 and
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2 V
Mixing Angles and Masses in Matter:

8
ol
In matter 613 — ¢ and 615 — 7 and |
= 2 L Ut
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Mixing Angles and Masses in Matter:
In matter 015 — ¢ and 015 — 7 and 6
_ 2 o
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Mixing Angles and Masses in Matter:

In matter 613 — ¢ and 615 — 7 and

— 2 A . 2 A :
»A,ue = (2823813013) [ Ci9 e'=32 gin Agl + S19 e'=31 gin Agg ]

’L .
+ (2co3c13512C12) € sin Aoy

P(v, — ve) = | A1 + A2 + 2
=4 8338336%3 [C%Q SiIl2 Agl -+ 84112 sin2 Agl
+ 25%,¢9, sin Asq sin Az cos Ao |
+ 8 J,cosd sin Ay
[C%Q sin Agl COS Agg -+ 8%2 sin A32 COS Agl]

— 8 Jr sin 0 sin Agl sin Agl sin A32
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Intuitive and Analytically simple !
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¥ Matter Effects:

0 = 0.07

NO NS
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then Oscillation Probablities

with A;'s and V,; in matter then

5 2
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then Oscillation Probablities

with A;'s and V,; in matter then

5 2

N\ L
Plvg—=va) = | ) VaiVgi e 2"

1=1
3 (Aj =X)L
= O0qp — 4 Z Re[VaiVi3iVa; Vsl sin” == 4F Z
J>1
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then Oscillation Probablities

with A;'s and V,; in matter then

2

3

N\ L

Plvg—=va) = | ) VaiVgi e 2"
1=1

3 (A =)L
= O0qp — 4 Z Re[VaiVi3iVa; Vsl sin” == 4F Z
J>1
A3 =X)L . (A —A)L . (M —A3)L
s |m[VQ1V51V;2V52] Siﬂ( 3 2) Sil’l( 2 1) Siﬂ( 1 3)

1K 1K 1K

same as VACUUM with m? — A\; and Uy; — Vi 1]

Wronskian is nonvanishing,
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New Perturbation Theory for Osc. Probabilities

Uy = Ve, L =1300 (km), 0 = Sﬁ/Q’. NO U, — U, L = 1300 (km), 6 = 37/2, NO

—12
10 — Zeroth —— First —— Second —  Second
10~14 T : : — . . . . .
0.3 1.0 10 0.3 1.0 10

systematic expansion
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Conclusions:
e Harmony between

Perturbation Theory & General Expression
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Conclusions:
e Harmony between

Perturbation Theory & General Expression

WY/
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3
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Conclusions:
e Harmony between

Perturbation Theory & General Expression

° (A — )L
_ * Y 7% -2 A
Plvg = va) = Oap— 4; Re[Vai V3,V Vg sin® =
As — X)L . (A2 — AL
+ 8 Im[Va1 V51V Vil Sin( & 2) Sin( > ) sin

1K 41K

e New Perturbation Theory reveals

(A1 — A3)L

1K
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Conclusions:
e Harmony between

Perturbation Theory & General Expression

WY/
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e New Perturbation Theory reveals

Structure, Simplicity and Universal Form
of Oscillation Probabilities in Matter
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Conclusions:
e Harmony between

Perturbation Theory & General Expression

° (A — \i)L
_ § * Y 7% -2 A
P(yﬂ —> Va) — 5045 — 1 — Re[vaivﬁivajvﬁj] S11 4E
J>1
. . (A3 =X)L . (Aa—=A)L . (M —3)L
+ 8 Im[Va1V51 V52 Vss| sin Tg S sin— —

e New Perturbation Theory reveals

Structure, Simplicity and Universal Form
of Oscillation Probabilities in Matter

e Provides Advanced Understanding of

Neutrino Amplitudes in Matter
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V)

Neutrino Oscillation Amplitudes

Plva = vg) = |Aagl’

Two Flavors: A = Am2L/4E
Aaa = 1+ (22) 3% et sin A

and Aa,@ = (22) sgcp e "D sin A

overall phase of amplitude arbitrary
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Summary: "))
2 2 2
S e Aa = a+ (873 + €s79) AmZ,
Amg, = Am3zy — s75Am5, 2 2
)\b — 6612Am66,
_ 2 2 2 2 2
e = Amjy /Amg, Ae = (ci3 + €s79) Amg,
Ae = 3 [ Ao) T siam(Am2 ) v/ O — A + AlsiscrsAm?,
¢ IS 913 In matter )\O — )\b — 66%2Am267
A3 = AL N EVEY .
» — )\+_)\_7 ¢ )\+—>\_
. 9 . 1 2 2 )2
Y is 015 in matter Mo =3 [(Ao +A)F \/(Ao — A-)? 4 d(ec(p—o,5)C12512Am7, ) }

)\1)2 A3 = Ap .

A2 — Ao . \/)\0—)\1
Sop = \/ Aol cy = sign(Agg) N

023, 6 unchanged
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