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Motivation

❖ We need to control nuclear 
effects in order to control 
the axial part of the 
interaction -> estimate 
neutrino cross-sections.!

❖ Various neutrino 
experiments - different 
targets: 12C, 16O, 40Ar, …!

❖ Use models that work well 
for the electron scattering 
(control the vector part of 
the interaction)

P. Lipari et al, Phys. Rev. Lett. 74 (1995) 4384

“We will argue that it is possible to improve on the 
description of the cross sections (…) including a more 
careful treatment of the lowest multiplicity channels 

(quasi–elastic scattering and single pion production)”!
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Framework

l

l’

γ/W+-/Z0

Lµ⌫

Wµ⌫

lepton!
tensor

hadron!
tensor

=?
very complex object which 
should account for many 

processes

We want to calculate inclusive cross section for neutrino 
scattering off the nucleus.

~k

~k0

d2�

d!d⌦
=

|~k|
|~k0|

G2

4⇡2
Lµ⌫W

µ⌫
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Framework
l

l’

l
Cutkosky cut

❖ We can express the same 
physical situation by means 
of the Cutkosky cut.!

❖ Gauge boson travels through 
the nuclear medium of a 
density ρ and gains a self-
energy Π.!

❖ Use the LDA (local density 
approximation) to get results 
in finite nuclei. To that end 
integrate over a nucleus 
density profile.

⇧µ⌫

γ/W+-/Z0

Wµ⌫(q) = Wµ⌫
s (q) + iWµ⌫

a (q)

Wµ⌫
s (q) /

Z
d3r

2⇡
Im(⇧µ⌫ +⇧⌫µ)

Wµ⌫
a (q) /

Z
d3r

2⇡
Re(⇧µ⌫ �⇧⌫µ)
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Framework - different channels
l

l’

l
Cutkosky cut

1p1h1π

1p1h

1p1∆

Different possible 
channels:!

1p1h, 1p1∆, 2p2h, 
etc.

The main topic of this talk: !
quasi-elastic mechanism (in 
the Impulse Approximation)

γ/W+-/Z0
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1p1h

l

l’

Impulse Approximation

γ/W+-/Z0
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γ/W+-/Z0  absorbed 
by one nucleon



1p1h

l

l’

Quasielastic mechanism

Our aim: describe properly the interaction taking into account that 
nucleons interact in the nuclear medium.

γ/W+-/Z0
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Formalism

γ/W/Z

hole state

particle state

(E, ~p)

(E + q0, ~p+ ~q)

q = (q0, ~q)

❖ Lindhard function (particle-hole 
propagator in the nuclear medium)!

❖ G(p,ρ) - Green’s function (nucleon 
propagator). The nuclear effects are 
encoded in this object by means of the 
nucleon self-energy Σ.!

❖ The vertices of interaction are omitted!
❖ Im U = the nucleon-density response of 

the  system

Each of nucleon lines is 
dressed using an in-

medium effective 
interaction. This gives 

raise to the nucleon self-
energy Σ.

U(q, ⇢) = �2i

Z
d4p

(2⇡)4
2MG(p, ⇢)2MG(p+ q, ⇢)
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Semiphenomenological model for self-energy
3

FIG. 1. Ladder sum of diagrams that are give raise to nucleon
self-energy in the medium. Dashed lines stand for the in-
medium NN interaction.

S
LDA

(q,!), up to a factor3 �V/⇡, is proportional to
the imaginary part of the Lindhard function, thus from
Eq. (42) of [9]) we deduce (or equivalently from Eq. (11))

S
LDA

(q,!) =
⇥(!)

4⇡3

Z
d3r

Z
d3p

Z
µ

µ�!

dEP
h

(p, E)P
p

(p+ q, E + !) .
(14)

where within the LDA, we have replaced the nuclear vol-
ume for a further integration

R
d3r. As we will see, in this

approach the SFs depend on the local density, though for
simplicity, such dependence is not explicitly shown in the
above equation.

The inclusive electroweak nuclear cross section is ob-
tained after contracting the lepton and hadron tensors
(see [4, 9] for more details). The former one coincides
with that in the free space, while the latter tensor, ig-
noring RPA corrections and for QE processes, is essen-
tially obtained after computing the appropriate nucleon-
density response weighted in the d3p integration with
the nucleon tensor, Aµ⌫(p, q), with pµ = (E(p),p) and
qµ = (!,q). The nucleon tensor is in turn determined by
hp|jµ†(0)|p+ qihp+ q|j⌫(0)|pi, with jµ the correspond-
ing current responsible of the electroweak transition at
the nucleon level. Thus within this scheme and in this
approximation, the di↵erent response functions that de-
scribe the QE nuclear cross sections share a common ker-
nel, that gives rise to S

LDA

(q,!) upon integrating over
all possible hole momenta and energies, and they just
di↵er from the di↵erent vertices at the nucleon level that
provide distinctive re-weightings. It is then not surpris-
ing that all these responses should lead to similar scaling
functions, after they are divided by appropriate functions
describing the single-nucleon physics. This is the reason
why the real meaning of the scaling function should be
attributed to the common kernel, the nucleon-density re-
sponse S(q,!), up to some trivial factors that can be
read o↵ from Eq. (6). Yet, there is the issue of the depen-
dence of the scaling function only on the scaling variable
 , which deserves a further detailed discussion. In the
case of a free FG (non-interacting nucleons), it trivially
follows from the explicit expression of the imaginary part

3
This is easily deduced from Eq. (8), since �⇧(q,!)/V turns out

to be the Lindhard function (particle-hole propagator) [3].

of the Lindhard function, at large momentum transfers,
computed with free nucleon propagators in the medium
(see Appendices B and C of Ref. [4]).
The one-body Green’s function, and therefore also the

SFs, of interacting nucleons in the nuclear medium is
determined by the density dependent nucleon self-energy
⌃(p, E; ⇢) [4, 9]:

P
p,h

(p, E) =

⌥ 1

⇡

Im⌃(p, E)
�
E � p

2/2m� Re⌃(p, E )
�
2

+ Im⌃(p, E )2
, (15)

where the hole (particle) state, described by P
h

(P
p

),
corresponds to energies below (above) the Fermi level
E  µ (E > µ) and particle state, as already mentioned.
The chemical potential is obtained by solving the self-
consistent equation

µ =
p2
F

2m
+Re⌃(p

F

, µ; ⇢) . (16)

with the local Fermi momentum determined by the den-
sity p

F

(r) = (3⇡2⇢(r)/2)1/3, for isospin symmetric nu-
clear matter. The real part of the self-energy modifies
the nucleon dispersion relation in the nuclear medium,
while the imaginary part accounts for some many-body
decay channels, NN ! NN . Indeed, Im⌃(p, E) � 0 for
E  µ, while Im⌃(p, E)  0 for E > µ. Therefore, the
chemical potential can be determined as the point where
Im⌃(p, E) changes sign. Non-relativistic kinematics have
been assumed in Eq. (15), since the semiphenomenologi-
cal model developed in [6] for the nucleon-selfenergies is
non-relativistic. This model will be briefly discussed in
Sec. II A.
Some relativistic corrections can be taken into account

by including m/✏(p) factors and using relativistic expres-
sions (✏(p)) for the nucleon kinetic energies [7, 8],

P
p,h

(p, E) =

⌥ 1

⇡

m

✏(p) Im⌃(p, E)
�
E � ✏(p)� m

✏(p)Re⌃(p, E )
�
2

+
�

m

✏(p) Im⌃(p, E )
�
2

.

(17)

Finally, the LDA scaling function would read:

fLDA( ) = p
F

⇥
�
2 S

LDA

(q,!)
�
/N . (18)

A. Semiphenomenological approach to nucleon
properties in nuclear matter

The semiphenomenological model developed in [6] has
been successfully used in di↵erent inclusive reactions
[4, 7–9, 17–22]. Here we just briefly sketch its most im-
portant features, assumptions and approximations. The
model for the nucleon selfenergy developed in Ref. [6] im-
plements the low-density theorems and the used e↵ective

P. Fernandez de Cordoba and E. Oset, Phys. Rev. C46, 1697 (1992) 

Nucleon line dressed with in-medium interactions

In order to account for in-medium effects, we 
sum-up polarisation diagrams

=

NN interaction taken from !
NN scattering cross-section

We calculate Im Σ(p,ρ).#
Re Σ(p,ρ) obtained from 

dispersion relations 
(calculated up to a constant 

term)

N particle-hole 
excitation
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Spectral functions
❖ Green’s function (nucleon propagator)!
❖ Σ(p,ρ) - nucleon self-energy contains 

information about nucleon’s 
interaction with the nuclear medium

G(p, ⇢) =
1

2M

1

p0 � ~p2/2M � ⌃(p, ⇢)
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Spectral functions
❖ Green’s function (nucleon propagator)!
❖ Σ(p,ρ) - nucleon self-energy contains 

information about nucleon’s 
interaction with the nuclear medium

G(p, ⇢) =
1

2M

1

p0 � ~p2/2M � ⌃(p, ⇢)

Hole and particle!
spectral functions

Sp/h(E, ~p, ⇢) = ⌥ 1

⇡

Im⌃(p, ⇢)

(E � ~p2/2M � Re⌃(p, ⇢))2 + (Im⌃(p, ⇢))2

µ = k2F /2M +Re⌃(µ, kF )

Sh : E < µ

Sp : E � µ

chemical potential:
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Spectral functions
❖ Green’s function (nucleon propagator)!
❖ Σ(p,ρ) - nucleon self-energy contains 

information about nucleon’s 
interaction with the nuclear medium

G(p, ⇢) =
1

2M

1

p0 � ~p2/2M � ⌃(p, ⇢)

Hole and particle!
spectral functions

change of dispersion relation nucleon’s width

In the case when Σ(p,ρ) = 0 we reduce it to a non-interacting system of 
nucleons (Local Fermi Gas)

Sp/h(E, ~p, ⇢) = ⌥ 1

⇡

Im⌃(p, ⇢)

(E � ~p2/2M � Re⌃(p, ⇢))2 + (Im⌃(p, ⇢))2

µ = k2F /2M +Re⌃(µ, kF )

Sh : E < µ

Sp : E � µ

chemical potential:
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Spectral functions
Sh/p(p, ⇢) = ⌥ 1

⇡

Im⌃(p, ⇢)

(p0 � ~p2/2M � Re⌃(p, ⇢))2 + (Im⌃(p, ⇢))2

How do the spectral functions enter the formula for the 
hadron tensor?
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Spectral functions
Sh/p(p, ⇢) = ⌥ 1

⇡

Im⌃(p, ⇢)

(p0 � ~p2/2M � Re⌃(p, ⇢))2 + (Im⌃(p, ⇢))2

How do the spectral functions enter the formula for the 
hadron tensor?

U(q, ⇢) = �2i

Z
d4p

(2⇡)4
2MG(p, ⇢)2MG(p+ q, ⇢)
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Spectral functions
Sh/p(p, ⇢) = ⌥ 1

⇡

Im⌃(p, ⇢)

(p0 � ~p2/2M � Re⌃(p, ⇢))2 + (Im⌃(p, ⇢))2

How do the spectral functions enter the formula for the 
hadron tensor?

ImU(q, ⇢) = �⇥(q0)

4⇡2

Z
d3p

Z µ

µ�q0
d!Sh(!, ~p)Sp(q

0 + !, ~p+ ~q)
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Spectral functions
Sh/p(p, ⇢) = ⌥ 1

⇡

Im⌃(p, ⇢)

(p0 � ~p2/2M � Re⌃(p, ⇢))2 + (Im⌃(p, ⇢))2

How do the spectral functions enter the formula for the 
hadron tensor?

ImU(q, ⇢) = �⇥(q0)

4⇡2

Z
d3p

Z µ

µ�q0
d!Sh(!, ~p)Sp(q

0 + !, ~p+ ~q)

Wµ⌫(q) / �⇥(q0)

4⇡2

Z
d3r

Z
d3p

Z µ

µ�q0
d!Sh(!, ~p)Sp(q

0 + !, ~p+ ~q)Aµ⌫(p, q)

(hadron tensor for a!
single nucleon)

(the particle SF!
or FSI)

(the particle SF!
or FSI)
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Effect of SFs
ImU(q, ⇢) = �⇥(q0)

4⇡2

Z
d3p

Z µ

µ�q0
d!Sh(!, ~p)Sp(q

0 + !, ~p+ ~q)

very clear cut where Im U(q) = 0!
(effect of Pauli blocking)

ImU for SF, ρ=0.09fm-3ImU for the LFG, ρ=0.09fm-3

smeared+ visible quenching!
(effect of Σ)

scale: fm-2scale: fm-2
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RPA & SF
❖ RPA important for low q 

(momentum transfer) - W+/-  
boson absorbed by the nucleus 
as a whole (account for some 
nuclear medium polarization 
effects sensitive to the collective 
degrees of freedom of the 
nucleus)!

❖ sum of ph and ∆h excitations!
❖ (When introducing RPA with 

SF: RPA parameters were fixed 
for the LFG. That is why in the 
denominator of the RPA sum 
we keep ReULFG instead of 
ReUSF. )

14

B. RPA corrections

FIG. 7. RPA series of ph and �h excitations.

RPA correlations account for some nuclear medium polarization e↵ects sensitive to the collective degrees of freedom
of the nucleus. These corrections bear some resemblance with the polarization experienced by a probe charge inside
of an electron gas [84]. Within the model employed in [37, 38, 55], a series of ph and �h excitations (Fig. 7),
which interact via an e↵ective spin-isospin non-relativistic potential, is summed up [84].(Also here we are limited
to moderate energy and momentum transfers because of the use of non-relativistic approximations.) This e↵ective
interaction includes a contact Landau-Migdal potential,

V = c

0

n

f

0

(⇢) + f

0
0

(⇢)~⌧
1

· ~⌧
2

+ g

0

(⇢)~�
1

· ~�
2

+ g

0
0

(⇢) (~�
1

· ~�
2

) (~⌧
1

· ~⌧
2

)
o

(48)

The constants in Eq. (48) were determined from (low energy) calculations of nuclear electric and magnetic moments,
transition probabilities, and giant electric and magnetic multipole resonances [105, 106],

f

i

(⇢(r)) =
⇢(r)

⇢(0)
f

(in)

i

+

✓

1� ⇢(r)

⇢(0)

◆

f

(ex)

i

(49)

with

f

(in)

0

= 0.07 f

(ex)

0

= �2.15 f

0(in)
0

= 0.33 f

0(ex)
0

= 0.45

and c

0

= 380 MeV fm3, g
0

= 0.575 and g

0
0

= 0.725.
In the S = T = 1 sector, we improve the interaction and include explicitly pion and ⇢ meson exchanges, which

separate the non-relativistic potential into transverse and longitudinal channels,

c

0

g

0
0

(~�
1

· ~�
2

)(~⌧
1

· ~⌧
2

) ! ~⌧

1

· ~⌧
2

X

i,j

�

i

�

j

V

�⌧

ij

(50)

V

�⌧

ij

= q̂

i

q̂

j

V

l

(q) + (�
ij

� q̂

i

q̂

j

)V
t

(q) (51)

with q̂ = ~q/|~q | and the longitudinal and transverse potentials given by,

V

l

(q) =
f

2

m

2

⇡

⇢✓

⇤2

⇡

�m

2

⇡

⇤2

⇡

� q

2

◆

2

~q

2

q

2 �m

2

⇡

+ g

0
�

, f

2

/4⇡ = 0.08, ⇤
⇡

= 1200MeV (52)
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c

0

g

0
0

(~�
1

· ~�
2

)(~⌧
1

· ~⌧
2

) ! ~⌧

1

· ~⌧
2

X

i,j

�

i

�

j

V

�⌧

ij
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V

�⌧

ij

= q̂

i

q̂

j

V

l

(q) + (�
ij

� q̂

i

q̂

j

)V
t

(q) (51)

with q̂ = ~q/|~q | and the longitudinal and transverse potentials given by,

V

l

(q) =
f

2

m

2

⇡

⇢✓

⇤2

⇡

�m

2

⇡

⇤2

⇡

� q

2

◆

2

~q

2

q

2 �m

2

⇡

+ g

0
�

, f

2

/4⇡ = 0.08, ⇤
⇡

= 1200MeV (52)

ImŪ(q; ⇢) [aq̂iq̂j + b (�ij � q̂iq̂j)] !

ImŪ(q; ⇢)


a

q̂iq̂j
|1� U(q; ⇢)Vl(q)|2

+ b
�ij � q̂iq̂j

|1� U(q; ⇢)Vt(q)|2

�
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Low-energy check
(I)     Radiative pion capture#
(II)    Muon capture#
(III)  Neutrino scattering

Nuclear effects are getting more 
pronounced at low energy-

momentum transfers. The model 
should be checked in this regime.

…we are at the verge of 
usability of the model!
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Low-energy check
(I)     Radiative pion capture#
(II)    Muon capture#
(III)  Neutrino scattering
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The CC hadron tensor with inclusion of Coulomb distortion, binding energy, RPA and SF e↵ects has a form:

W

µ⌫(q) =
cos2 ✓

C

2M2

Z 1

0

drr

2

|~k0(r)|E
k

0(r)

|~k0|E
k

0
⇥(E

k

0(r)�m

l

)

⇥(q00)

Z

d

3

p

(2⇡)2

Z

µ

µ�q

00
d!S

h

(!, ~p)S
p

(q00 + !, ~p+ ~q

0)A⌫µ

RPA

(p, q0)

�

�

�

�

p

0
=E

p

(55)

with q

00 = q

0 � (Q � Q

gap

(r)) and ~q

0 = ~

k � ~

k

0(r), as discussed above and A

⌫µ

RPA

given in Appendix A of Ref. [37],
with the real part of the RPA denominators computed using the non-relativistic reduction of Ū(q; ⇢). We recall here
that the SFs depend on r through the dependence of the particle and hole self-energies on the local density.

III. INCLUSIVE MUON AND RADIATIVE PION CAPTURE IN NUCLEI

In this section we will shortly describe the capture of a bound pion or muon by the nucleus. In particular, we will
study

(A
Z

� µ

�)1s
bound

! ⌫̄ +X (56)

(A
Z

� ⇡

�)
bound

! � +X (57)

Both µ

� and ⇡

� are electromagnetically bound to the nucleus, but since their masses are of the order of 200-300
heavier than that of the electron, their wave functions significantly overlap with the density distribution of the nucleus.
This is the reason why they do not form stable atoms and the strong interaction produces (complex) corrections to
the electromagnetic energy levels in the case of pionic atoms. We analyze these low energetic10 processes because in
this energy range, the nuclear e↵ects are essential and clearly visible, while they play a lesser role at intermediate
energies. Muon capture dynamics is governed by CC interactions and hence the formalism presented in Sec. IA can
be employed. Radiative pion capture is on the other hand governed by a di↵erent dynamics, which will be shortly
presented in the next subsection. The general argumentation from Sec. IA holds, but the self-energies of the pion
and the muon in the nuclear medium are strongly dominated, because of kinematical reasons, by the QE reaction
mechanism (i.e., 1p1h excitation).
The decay width is computed (schematically) in the following way within the LDA:

1. We calculate the width �̂(q, ⇢
n

(r), ⇢
p

(r)) for proton and neutron nuclear matter densities using a formalism
derived from that outlined in Sec. I.

2. For the considered nucleus, we obtain the µ

� or ⇡� wave functions, �(r), and the energy levels by solving the
Schrödinger or Klein-Gordon equations, respectively. In this latter case (pionic atoms), besides the electromag-
netic potential11 , a pion-nucleus optical (strong) potential is additionally taken into account. This potential
has been developed microscopically and it is exposed in detail in Ref. [75].

3. Finally, we evaluate

� =

Z

d

3

r|�(r)|2�̂(q, ⇢
n

(r), ⇢
p

(r)) (58)

to obtain the decay width in finite nuclei.

The idea behind the above approximation is the following: At every point of the nuclear matter, there is ”a piece” of
µ

� (⇡�) given by |�(r)|2d3r, which has a decay width �̂(q, ⇢
n

(r), ⇢
p

(r)). Integration over the whole volume leads to
the total width. We make the additional kinematical assumption that the bound µ

� or ⇡� is at rest.

10 Note that the energy transferred to the nuclear system is at most the mass (m) of the muon or the pion, and in practice, it is significantly
smaller since the QE peak is located in the vicinity of m2/2M .

11 Both for the muon and pion cases, finite size and vacuum polarization corrections are taken into account in the derivation of this part
of the potential.
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given in Appendix A of Ref. [37],
with the real part of the RPA denominators computed using the non-relativistic reduction of Ū(q; ⇢). We recall here
that the SFs depend on r through the dependence of the particle and hole self-energies on the local density.

III. INCLUSIVE MUON AND RADIATIVE PION CAPTURE IN NUCLEI

In this section we will shortly describe the capture of a bound pion or muon by the nucleus. In particular, we will
study
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Both µ

� and ⇡

� are electromagnetically bound to the nucleus, but since their masses are of the order of 200-300
heavier than that of the electron, their wave functions significantly overlap with the density distribution of the nucleus.
This is the reason why they do not form stable atoms and the strong interaction produces (complex) corrections to
the electromagnetic energy levels in the case of pionic atoms. We analyze these low energetic10 processes because in
this energy range, the nuclear e↵ects are essential and clearly visible, while they play a lesser role at intermediate
energies. Muon capture dynamics is governed by CC interactions and hence the formalism presented in Sec. IA can
be employed. Radiative pion capture is on the other hand governed by a di↵erent dynamics, which will be shortly
presented in the next subsection. The general argumentation from Sec. IA holds, but the self-energies of the pion
and the muon in the nuclear medium are strongly dominated, because of kinematical reasons, by the QE reaction
mechanism (i.e., 1p1h excitation).
The decay width is computed (schematically) in the following way within the LDA:

1. We calculate the width �̂(q, ⇢
n

(r), ⇢
p

(r)) for proton and neutron nuclear matter densities using a formalism
derived from that outlined in Sec. I.

2. For the considered nucleus, we obtain the µ

� or ⇡� wave functions, �(r), and the energy levels by solving the
Schrödinger or Klein-Gordon equations, respectively. In this latter case (pionic atoms), besides the electromag-
netic potential11 , a pion-nucleus optical (strong) potential is additionally taken into account. This potential
has been developed microscopically and it is exposed in detail in Ref. [75].

3. Finally, we evaluate
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(r)) (58)

to obtain the decay width in finite nuclei.

The idea behind the above approximation is the following: At every point of the nuclear matter, there is ”a piece” of
µ

� (⇡�) given by |�(r)|2d3r, which has a decay width �̂(q, ⇢
n

(r), ⇢
p

(r)). Integration over the whole volume leads to
the total width. We make the additional kinematical assumption that the bound µ

� or ⇡� is at rest.

10 Note that the energy transferred to the nuclear system is at most the mass (m) of the muon or the pion, and in practice, it is significantly
smaller since the QE peak is located in the vicinity of m2/2M .

11 Both for the muon and pion cases, finite size and vacuum polarization corrections are taken into account in the derivation of this part
of the potential.

Radiative pion capture & muon capture

Nuclear effects are getting more 
pronounced at low energy-

momentum transfers. The model 
should be checked in this regime.

…we are at the verge of 
usability of the model!

These nuclear systems are 
not stable because μ-, π- 
are much heavier than e- 
and their wave function 

overlaps with the nucleus.

1. Calculate the ρ-dependant decay width 
of μ-, π- in the nuclear medium!

2. Calculate the μ-, π- wave functions φ(r) 
for a given nucleus.!

3.
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The CC hadron tensor with inclusion of Coulomb distortion, binding energy, RPA and SF e↵ects has a form:
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with the real part of the RPA denominators computed using the non-relativistic reduction of Ū(q; ⇢). We recall here
that the SFs depend on r through the dependence of the particle and hole self-energies on the local density.

III. INCLUSIVE MUON AND RADIATIVE PION CAPTURE IN NUCLEI

In this section we will shortly describe the capture of a bound pion or muon by the nucleus. In particular, we will
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Both µ

� and ⇡

� are electromagnetically bound to the nucleus, but since their masses are of the order of 200-300
heavier than that of the electron, their wave functions significantly overlap with the density distribution of the nucleus.
This is the reason why they do not form stable atoms and the strong interaction produces (complex) corrections to
the electromagnetic energy levels in the case of pionic atoms. We analyze these low energetic10 processes because in
this energy range, the nuclear e↵ects are essential and clearly visible, while they play a lesser role at intermediate
energies. Muon capture dynamics is governed by CC interactions and hence the formalism presented in Sec. IA can
be employed. Radiative pion capture is on the other hand governed by a di↵erent dynamics, which will be shortly
presented in the next subsection. The general argumentation from Sec. IA holds, but the self-energies of the pion
and the muon in the nuclear medium are strongly dominated, because of kinematical reasons, by the QE reaction
mechanism (i.e., 1p1h excitation).
The decay width is computed (schematically) in the following way within the LDA:

1. We calculate the width �̂(q, ⇢
n

(r), ⇢
p

(r)) for proton and neutron nuclear matter densities using a formalism
derived from that outlined in Sec. I.

2. For the considered nucleus, we obtain the µ

� or ⇡� wave functions, �(r), and the energy levels by solving the
Schrödinger or Klein-Gordon equations, respectively. In this latter case (pionic atoms), besides the electromag-
netic potential11 , a pion-nucleus optical (strong) potential is additionally taken into account. This potential
has been developed microscopically and it is exposed in detail in Ref. [75].

3. Finally, we evaluate

� =

Z

d

3
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to obtain the decay width in finite nuclei.

The idea behind the above approximation is the following: At every point of the nuclear matter, there is ”a piece” of
µ

� (⇡�) given by |�(r)|2d3r, which has a decay width �̂(q, ⇢
n

(r), ⇢
p

(r)). Integration over the whole volume leads to
the total width. We make the additional kinematical assumption that the bound µ

� or ⇡� is at rest.

10 Note that the energy transferred to the nuclear system is at most the mass (m) of the muon or the pion, and in practice, it is significantly
smaller since the QE peak is located in the vicinity of m2/2M .

11 Both for the muon and pion cases, finite size and vacuum polarization corrections are taken into account in the derivation of this part
of the potential.

�̂(q, ⇢n(r), ⇢p(r))
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Radiative pion capture

Photon energy distributions (arbitrary units) 
from pion capture. Theoretical SF+RPA curves 
were adjusted to data in the peak, other curves 
(Pauli, RPA, SF) were scaled by the same 
factor.
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position of the 

quasielastic peak

We are missing some 
strength at higher 
energy  transfer 

(because the 2p2h 
contribution is not 

included).

Cut above 
energies where 

there are discrete 
transitions

SF with respect to 
the LFG: shifts the 

peak, causes 
quenching and 

spreading to higher 
energy transfers
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FIG. 24. Photon energy distributions (arbitrary units) from pion capture in 12C (left) and 40Ca (right). Experimental spectra
are taken from Ref. [129]. Theoretical SF+RPA curves were adjusted to data in the peak, other curves (Pauli, RPA, SF) were
scaled by the same factor. Error bands on the RPA predictions show MC 68% CL intervals derived from the uncertainties in
the ph(�h)–ph(�h) e↵ective interaction. The vertical lines show the maximum photon energy for the continuum contribution,
(A

Z

� ⇡�)
bound

! � + n+ (A� 1)
Z�1

, where the final nucleus is left in its ground state.

Let us analyze how the total decay width changes when we include additional nuclear e↵ects to Pauli blocking,
implemented through the imaginary part of the Lindhard function calculated for a non-interacting LFG of nucleons.
Neither SF e↵ects, nor the correct energy balance in the reaction were considered in the previous work of Ref. [85],
where this formalism (LFG+RPA) was used for the first time. Experimentally, it is rather di�cult to distinguish
between radiative pion capture processes from di↵erent pionic atom orbits. Indeed, only the weighted ratio

dR

(�)

d|~k |
=

X

nl

w

nl

�abs

nl

d�(�)

nl

d|~k |
(70)

can be measured. In the above equation |~k | is the outgoing photon energy, w
nl

(are normalized to the unity) gives the
absorption probability from each nl pionic level, taking into account the electromagnetic transitions and the strong

absorption. �abs

nl

is the total pion absorption width from the orbit nl and �(�)

nl

is the width due to the radiative capture
of the pion from the orbit nl. We will present results for carbon and calcium, and we use the same values for w

nl

and �abs

nl

as in Ref. [85], which are collected in Table III. Our predictions are also given in the same table, while the
di↵erential decay branching ratios are displayed in Fig. 24.

Let us first notice that also here the use of interacting SFs produces a quenching of the QE peak. Actually, the
in-medium dispersion relations shift the position of the peak about 10 MeV towards lower outgoing photon energies
(higher transferred energies to the nucleus), and generate a tail which goes into the low photon energy region. The
width of the particle-nucleon (see diagram of Fig. 6) also contributes to this tail. This 10 MeV di↵erence between the
position of the peaks, which was almost unnoticed for intermediate energies, here plays an important role.

In the case of 40Ca we see that the position of the QE peak for the SF+RPA stays in very good agreement with
the data. However, and despite the improvement due to the use of realistic SFs, we observe a clear discrepancy with
experiment at photon energies below 100 MeV. In our microscopic description, the origin of the distribution comes
from the motion of the nucleons in the nucleus. Mechanisms where two nucleons are simultaneously excited with the �
creation would give rise to photons with less energy22 (these are di↵erent mechanisms than final state interaction of the
struck nucleon in one body processes because the photon has already been created and does not modify its energy). It
was argued in Ref. [85] that such contributions could explain the observed discrepancies at low photon energies. This
was confirmed in [121], where two-body mechanisms were taken into account using a semi-phenomenological approach.
The SF+RPA decay width distribution also underestimates the data for photon energies above 130 MeV (marked
with a vertical line in Fig. 24), this is to say above the 39K+ n threshold. This region cannot be properly described
with the present formalism, because it can only be filled in by discrete transitions (delta-like peaks convoluted with

22 As mentioned, the particle-nucleon width included in the particle SF contributes to the tail. Note however, there exist other 2p2h
mechanisms, involving meson-exchange-currents or the excitation of the �(1232) (see the discussion of Sect. 8 of Ref. [85]).
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Muon capture

❖ Calculated for a 
variety of (almost) 
symmetric nuclei.!

❖ There is not much 
difference between 
SF and SF+RPA in 
the integrated 
width

35

integrated decay rates significantly less important than those appreciated in the free LFG results. However, the RPA
collective e↵ects significantly modify the shape of the decay width distributions, as can be seen in Fig. 25, producing
a shift of the maximum position, which is moved towards (higher) energies transferred to the nucleus of around 20
MeV. Indeed the RPA produces an enhancement of the distribution in this region of excitation energies, which can
be related to the nuclear giant resonances (see for instance Refs. [105, 106, 130, 131]). A similar situation could be
also seen in Fig. 24 for the case of pion capture, where we also see that the RPA correlations increase the SF results
for photon energies of around 100 (110) MeV in carbon (calcium). Note however, the individual giant resonances
would show up as narrow peaks in the decay width distributions, while in the present approach, the RPA correlations
provide only an enhanced signature, which likely will give a reasonable description of the integrated distributions.

Nucleus Pauli (104 s�1) RPA (104 s�1) SF (104 s�1) SF+RPA (104 s�1) Exp. (104 s�1)
12C 5.76 3.37± 0.16 3.22 3.19± 0.06 3.79± 0.03
16O 18.7 10.9± 0.4 10.6 10.3± 0.2 10.24± 0.06
18O 13.8 8.2± 0.4 7.0 8.7± 0.1 8.80± 0.15
23Na 64.5 37.0± 1.5 30.9 34.3± 0.4 37.73± 0.14
40Ca 498 272± 11 242 242± 6 252.5± 0.6

TABLE IV. Experimental and theoretical total muon capture widths for di↵erent nuclei. Data are taken from Ref. [132], and
when more than one measurement is quoted in [132], we use a weighted average: �/�2 =

P
i

�
i

/�2

i

, with 1/�2 =
P

i

1/�2

i

.
Theoretical errors in the RPA predictions show MC 68% CL intervals derived from the uncertainties on the ph(�h)–ph(�h)
e↵ective interaction.

3. The inclusive 12C(⌫
µ

, µ�)X and 12C(⌫
e

, e�)X reactions near threshold

The low energy pion and muon capture decay rates discussed in the previous subsections were measured with a
good precision and certainly provide an important test for our model. Here we will compare our results with other
existing experimental neutrino low energy data. One of the characteristics of neutrino experiments is that the beams
are not monochromatic and thus the nuclear cross section should be folded with the neutrino energy-flux F (E
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The flux depends on the neutrino source and for the experiments (LAMPF, KARMEN, LSND) that we will consider
in this subsection, electron neutrinos were produced from the muon decay at rest (µ+ ! ⌫
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�), and in this
case the flux is approximately described by the Michel distribution,
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In the LSND experiment at Los Alamos, the inclusive 12

C(⌫
µ

, µ

�)X cross section was measured using a pion decay in
flight ⌫

µ

beam, with energies ranging from zero23 to 300 MeV (distribution is given in [123]). The electron neutrino
flux distribution has a maximum around 35 MeV, while for the muon neutrino beam, over 80% of the flux has an
energy below 180 MeV. Thus, these processes involve very low energy transfers, as can be seen in Fig. 26, especially
in the electron neutrino case where the excitation energies are only of few MeV, and hence we are facing the limit of
applicability of the model. Nevertheless, the results compiled in Table V (flux-weighted distributions shown in Fig.
27) stay in surprisingly good agreement with the data from LSND, KARMEN and LAMPF experiments. Nuclear
e↵ects (SF+RPA) turn out to be essential and clearly improve the results obtained by only imposing Pauli blocking
and the correct energy balance in the reactions (results denoted as Pauli in Fig. 27 and Table V). In the table, a
few selected theoretical calculations [large basis shell model (SM) results of Refs. [44, 133] and the CRPA ones from
Ref. [45]] are also compiled. Our approach might look simplified with respect to the ones just mentioned, but it
incorporates both RPA and SF corrections and provides a description of these low energy cross sections as good, if
not better, that any of them.

23 The neutrino laboratory threshold energy Emin

⌫

is around 123 MeV.

40-50% quenching

RPA causes 
quenching

RPA causes 
enhancement
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Neutrino scattering at low energies
❖ Comparison with LSND data & other theoretical approaches

1

Reply to the Referee

I would like to thank the referee for the suggestions and comments which have improved much the manuscript.

1. The manuscript has been revised and the language mistakes have been corrected.

2. The title has been changed according to the suggestion to ”Inter-comparison of lepton-nucleus scattering models

in the quasielastic region”.

3. The referee is correct stating that in the concluding paragraph ”a few percent error” might be too optimistic.

It has been changed to ”10-15%

0
” error.

Pauli RPA SF SF+RPA SM SM CRPA Experiment

LSND LSND LSND

�̄(⌫µ, µ�
) 23.1 13.2± 0.7 12.2 9.7± 0.3 13.2 15.2 19.2 8.3± 0.7± 1.6 11.2± 0.3± 1.8 10.6± 0.3± 1.8

KARMEN LSND LAMPF

�̄(⌫e, e�) 0.200 0.143± 0.006 0.086 0.138± 0.004 0.12 0.16 0.15 0.15± 0.01± 0.01 0.15± 0.01 0.141± 0.023

Neutrino cross sections 
convoluted with the 

LSND flux
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Results - electron scattering

Non relativistic kinematics causes a 
broadening of the peak

Problem: relativistic energies

relativistic 
effect

Non relativistic kinematics does not 
cause any problems.
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FIG. 22. Inclusive QE cross sections for scattering of electrons on carbon at di↵erent scattering angles and incoming electron
energies. Besides the SF results obtained within the many-body framework used in this work, predictions (Ankowski et al.)
taken from panels (d)–(i) of Fig. 2 of Ref. [7] are also shown. At the QE peaks, the momentum transfers |~q | are 259, 295,
331, 366, 390 and 450 MeV, respectively. Data taken from Refs. [117–119]. As in Fig. 20, the reddish-shaded regions show the
di↵erence between relativistic and non-relativistic non-interacting LFG predictions.

In Fig. 23, we show the CCQE predictions for oxygen at E

⌫

= 0.5 GeV given in the top panel of Fig.13 of
Ref. [36] (orange-dotted curve labeled as Leitner et al in Fig. 23), together with our SF and free LFG results.
The agreement is not as good as in the previous cases, and our full SF distribution at the QE peak is smaller
(around 30%) than that obtained in Ref. [36], and it is also significantly wider. The agreement improves when
the results of Ref. [36] are compared with the di↵erential cross section obtained within our model neglecting the
imaginary part of the hole self-energy, as in [36].

We should note that the GiBUU framework used in [36] overestimates the similar (e, e0) di↵erential QE cross
sections for incoming electron energies and outgoing scattering angles close to those examined in Fig. 23. This
can be seen in Figs. 10 and 11 of the same reference [36]. Indeed looking at the top panels of these two figures,
one can appreciate deviations from data of around 20-25% at the QE peak. Moreover, the discrepancies seem
to increase when both, the incoming electron energy and scattering angle decrease. (Note that in the top panels
of Figs. 10 and 11, both scattering angle and energy are larger than those examined in Fig. 23.) One certainly
expects that the approximate SF-treatment used in [36] should work much better and be quite accurate for
angular-integrated cross sections.

A new release of GiBUU became available in 2016 [11], among other improvements, a better preparation of the
nuclear ground state and its momentum distribution are implemented. This corresponds in our language to use
more accurate SFs. The new result is also shown (blue-dashed curve, labeled as GiBUU 2016) in Fig. 23, where
we could see the agreement with the two versions of the present work is now quite good.

Moreover, the update GiBUU version provides an excellent description of electron data, not only for QE scat-
tering discussed in this work, but also in the dip and ��peak regions [11, 120].

B. Low energy results: muon and radiative pion captures and neutrino scattering near threshold

Even though one may expect that in the low energy regime (excitations below 50 MeV) the LFG based formalism
should break down, it was argued in [121, 122] that the current scheme gives reasonable estimates for inclusive
(integrated) quantities, for instance inclusive muon and radiative pion capture widths in nuclei. Thus, the shapes
of the di↵erential cross sections or widths which will be presented in this subsection do not pretend to recover the
physical spectra (which might contain discrete transitions and/or resonances in this energy range). They rather

Results - electron scattering
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Neutrino scattering - results

22

FIG. 14. |ImŪ
SF

| (solid), |ImŪ
SFapprox

| (dashed) and |ImŪ
NR

(q)| (dashed-dotted) for |~q | =300 MeV and density ⇢ = 0.09 fm�3,
as a function of the energy transfer.

A. Neutrino scattering at intermediate energies

�(⌫
µ

+16O ! µ� +X) [10�40cm2]

Non-relativistic Relativistic SF

500 MeV Pauli 625 580 494

RPA 520± 40 470± 40 445± 27

375 MeV Pauli 443 418 328

RPA 329± 24 308± 22 274± 14

250 MeV Pauli 199 192 132

RPA 123± 7 118± 7 101± 5

�(⌫̄
µ

+16O ! µ+ +X) [10�40cm2]

Non-relativistic Relativistic SF

500 MeV Pauli 143.8 134.4 118.9

RPA 106.3± 1.9 98.5± 1.9 105.6± 1.5

375 MeV Pauli 99.8 94.1 78.2

RPA 71.6± 1.4 66.9± 1.3 68.6± 1.2

250 MeV Pauli 51.5 49.0 37.6

RPA 34.3± 0.8 32.5± 0.8 31.0± 0.7

TABLE I. Muon neutrino and antineutrino inclusive QE integrated cross sections from oxygen. We present results for relativistic
and non-relativistic nucleon kinematics. In this latter case, we present results with and without SFs e↵ects. Results, denoted
as RPA and Pauli have been obtained with and without including RPA and Coulomb corrections, respectively. SF results
have been computed using a complex self-energy to dress both, particle and hole nucleon lines. Theoretical errors on the RPA
predictions show MC 68% CL intervals derived from the uncertainties in the ph(�h)–ph(�h) e↵ective interaction, as detailed
in Subsec. II B.

In Tables I and II, we present results in oxygen for inclusive electron and muon (anti-)neutrino-nucleus scattering
and energy transfers up to 400 MeV. We examine RPA and the SF corrections and their dependence on the energy.
First, we observe the di↵erences stemming from the use of non-relativistic and relativistic Lindhard functions. (As
mentioned, in the case of non-relativistic kinematics, we use the non-relativistic nucleon dispersion relations and set
to one the factors M/E

p

and M/E

p+q

in Eq. (22).) For the highest considered energies (E
⌫

µ

= 500 MeV), relativistic
e↵ects are approximately 7� 10% and decrease down to 3� 4% for E

⌫

µ

= 250 MeV. We should be aware of this fact
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�(⌫
e

+16O! e� +X) [10�40cm2]

Non-relativistic Relativistic SF

310 MeV Pauli 370 350 271

RPA 259± 18 244± 16 219± 11

220 MeV Pauli 191 183 131

RPA 117± 7 112± 6 101± 5

130 MeV Pauli 44.6 43.1 28.3

RPA 25.6± 1.2 24.8± 1.1 23.2± 0.8

�(⌫̄
e

+16O ! e+ +X) [10�40cm2]

Non-relativistic Relativistic SF

310 MeV Pauli 81.6 77.3 63.1

RPA 57.9± 1.1 54.2± 1.1 55.6± 0.9

220 MeV Pauli 49.2 47.0 36.2

RPA 32.3± 0.8 30.8± 0.8 30.4± 0.7

130 MeV Pauli 17.9 17.3 12.2

RPA 10.3± 0.3 9.8± 0.3 9.6± 0.3

TABLE II. As in Table I but for electron neutrino and antineutrino inclusive QE scattering.

when considering SF+RPA corrections because they have been computed using non-relativistic kinematics.
Next, we pay attention to both RPA and SF corrections that suppress the total cross sections. Results are graphically

shown in Fig. 15. For a free LFG, the RPA e↵ects14 are especially significant at lower energies, where we find a
very drastic reduction of about 35 � 40%, the corrections being still large (of the order of 20–25%) for the higher
energies examined in Table I. SF e↵ects change importantly both, the integrated and the shape of the di↵erential
cross sections, as we will see. When medium polarization (RPA) e↵ects are not considered, the SFs provide significant
reductions (20–35%) of the neutrino cross sections, and somewhat smaller e↵ects in the case of antineutrinos15. The
SF corrections decrease as the (anti-)neutrino energy increases. However, when RPA correlations are included, the
reductions become more moderate, around 15% for neutrino reactions, and much smaller for antineutrinos. Indeed,
in this latter case and for the higher energies examined in the Tables I and II, the integrated cross sections remain
practically unchanged. SF e↵ects are responsible for a certain quenching of the QE peak and a redistribution of its
strength as can be seen in Fig. 16, where (anti-)neutrino di↵erential cross sections from 16O at various energies are
shown. The use of non-free SFs produces a tail which goes to higher energies inducing in general a significant change
of the (q0, |~q |)-region accessible in the process. It does not change the strength of the interaction between the gauge
boson and the nucleons (the form–factors), which is how the RPA e↵ect is included in our formalism.

As mentioned above, when we take into account RPA corrections, the di↵erences between SF and non-relativistic
LFG total cross sections are small, and in general mostly covered by the theoretical errors of the RPA predictions
(see Fig. 15), derived from the uncertainties on the ph(�h)–ph(�h) e↵ective interaction. This is because the SFs
diminish the height of the QE peak and increase the cross section for the high energy transfers. But for nuclear
excitation energies higher than those around the QE peak, the RPA corrections are certainly less important than in
the peak region. Hence, the RPA suppression of the SF distribution is significantly smaller than the RPA reduction
of the distributions determined by the ordinary Lindhard function. In Fig. 16, we also observe that antineutrino
distributions are narrower than neutrino ones and more significantly peaked towards lower energy transfers. Also in
these plots, we can see (stripped pattern bands) the size of the relativistic e↵ects. These introduce a systematic error
in our predictions in the higher energy transfer region of the di↵erential cross sections, because SF+RPA corrections
have been computed within a non-relativistic scheme.

In Fig. 15 we present how the size of the nuclear e↵ects depends on the energy of the incoming (anti)neutrino. We
appreciate some di↵erences between neutrino and antineutrino reactions. Both SF and RPA e↵ects suppress the cross
section and as already mentioned, these two combined e↵ects yield results similar to those obtained when only RPA
correlations are considered. On the other hand, for antineutrinos, the use of non-free SFs leads to smaller e↵ects.

14 For both the non-relativistic and SF set of results, the real part of the ph�Lindhard function that appear in the RPA denominators has
been computed using its non-relativistic expression derived in a free LFG.

15 The SF e↵ects reported in Ref. [37] were smaller because in that work, the imaginary part of the hole self-energy was neglected.
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FIG. 14. |ImŪ
SF

| (solid), |ImŪ
SFapprox

| (dashed) and |ImŪ
NR

(q)| (dashed-dotted) for |~q | =300 MeV and density ⇢ = 0.09 fm�3,
as a function of the energy transfer.

A. Neutrino scattering at intermediate energies

�(⌫
µ

+16O ! µ� +X) [10�40cm2]

Non-relativistic Relativistic SF

500 MeV Pauli 625 580 494

RPA 520± 40 470± 40 445± 27

375 MeV Pauli 443 418 328

RPA 329± 24 308± 22 274± 14

250 MeV Pauli 199 192 132

RPA 123± 7 118± 7 101± 5

�(⌫̄
µ

+16O ! µ+ +X) [10�40cm2]

Non-relativistic Relativistic SF

500 MeV Pauli 143.8 134.4 118.9

RPA 106.3± 1.9 98.5± 1.9 105.6± 1.5

375 MeV Pauli 99.8 94.1 78.2

RPA 71.6± 1.4 66.9± 1.3 68.6± 1.2

250 MeV Pauli 51.5 49.0 37.6

RPA 34.3± 0.8 32.5± 0.8 31.0± 0.7

TABLE I. Muon neutrino and antineutrino inclusive QE integrated cross sections from oxygen. We present results for relativistic
and non-relativistic nucleon kinematics. In this latter case, we present results with and without SFs e↵ects. Results, denoted
as RPA and Pauli have been obtained with and without including RPA and Coulomb corrections, respectively. SF results
have been computed using a complex self-energy to dress both, particle and hole nucleon lines. Theoretical errors on the RPA
predictions show MC 68% CL intervals derived from the uncertainties in the ph(�h)–ph(�h) e↵ective interaction, as detailed
in Subsec. II B.

In Tables I and II, we present results in oxygen for inclusive electron and muon (anti-)neutrino-nucleus scattering
and energy transfers up to 400 MeV. We examine RPA and the SF corrections and their dependence on the energy.
First, we observe the di↵erences stemming from the use of non-relativistic and relativistic Lindhard functions. (As
mentioned, in the case of non-relativistic kinematics, we use the non-relativistic nucleon dispersion relations and set
to one the factors M/E

p

and M/E

p+q

in Eq. (22).) For the highest considered energies (E
⌫

µ

= 500 MeV), relativistic
e↵ects are approximately 7� 10% and decrease down to 3� 4% for E

⌫

µ

= 250 MeV. We should be aware of this fact
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�(⌫
e

+16O! e� +X) [10�40cm2]

Non-relativistic Relativistic SF

310 MeV Pauli 370 350 271

RPA 259± 18 244± 16 219± 11

220 MeV Pauli 191 183 131

RPA 117± 7 112± 6 101± 5

130 MeV Pauli 44.6 43.1 28.3

RPA 25.6± 1.2 24.8± 1.1 23.2± 0.8

�(⌫̄
e

+16O ! e+ +X) [10�40cm2]

Non-relativistic Relativistic SF

310 MeV Pauli 81.6 77.3 63.1

RPA 57.9± 1.1 54.2± 1.1 55.6± 0.9

220 MeV Pauli 49.2 47.0 36.2

RPA 32.3± 0.8 30.8± 0.8 30.4± 0.7

130 MeV Pauli 17.9 17.3 12.2

RPA 10.3± 0.3 9.8± 0.3 9.6± 0.3

TABLE II. As in Table I but for electron neutrino and antineutrino inclusive QE scattering.

when considering SF+RPA corrections because they have been computed using non-relativistic kinematics.
Next, we pay attention to both RPA and SF corrections that suppress the total cross sections. Results are graphically

shown in Fig. 15. For a free LFG, the RPA e↵ects14 are especially significant at lower energies, where we find a
very drastic reduction of about 35 � 40%, the corrections being still large (of the order of 20–25%) for the higher
energies examined in Table I. SF e↵ects change importantly both, the integrated and the shape of the di↵erential
cross sections, as we will see. When medium polarization (RPA) e↵ects are not considered, the SFs provide significant
reductions (20–35%) of the neutrino cross sections, and somewhat smaller e↵ects in the case of antineutrinos15. The
SF corrections decrease as the (anti-)neutrino energy increases. However, when RPA correlations are included, the
reductions become more moderate, around 15% for neutrino reactions, and much smaller for antineutrinos. Indeed,
in this latter case and for the higher energies examined in the Tables I and II, the integrated cross sections remain
practically unchanged. SF e↵ects are responsible for a certain quenching of the QE peak and a redistribution of its
strength as can be seen in Fig. 16, where (anti-)neutrino di↵erential cross sections from 16O at various energies are
shown. The use of non-free SFs produces a tail which goes to higher energies inducing in general a significant change
of the (q0, |~q |)-region accessible in the process. It does not change the strength of the interaction between the gauge
boson and the nucleons (the form–factors), which is how the RPA e↵ect is included in our formalism.

As mentioned above, when we take into account RPA corrections, the di↵erences between SF and non-relativistic
LFG total cross sections are small, and in general mostly covered by the theoretical errors of the RPA predictions
(see Fig. 15), derived from the uncertainties on the ph(�h)–ph(�h) e↵ective interaction. This is because the SFs
diminish the height of the QE peak and increase the cross section for the high energy transfers. But for nuclear
excitation energies higher than those around the QE peak, the RPA corrections are certainly less important than in
the peak region. Hence, the RPA suppression of the SF distribution is significantly smaller than the RPA reduction
of the distributions determined by the ordinary Lindhard function. In Fig. 16, we also observe that antineutrino
distributions are narrower than neutrino ones and more significantly peaked towards lower energy transfers. Also in
these plots, we can see (stripped pattern bands) the size of the relativistic e↵ects. These introduce a systematic error
in our predictions in the higher energy transfer region of the di↵erential cross sections, because SF+RPA corrections
have been computed within a non-relativistic scheme.

In Fig. 15 we present how the size of the nuclear e↵ects depends on the energy of the incoming (anti)neutrino. We
appreciate some di↵erences between neutrino and antineutrino reactions. Both SF and RPA e↵ects suppress the cross
section and as already mentioned, these two combined e↵ects yield results similar to those obtained when only RPA
correlations are considered. On the other hand, for antineutrinos, the use of non-free SFs leads to smaller e↵ects.

14 For both the non-relativistic and SF set of results, the real part of the ph�Lindhard function that appear in the RPA denominators has
been computed using its non-relativistic expression derived in a free LFG.

15 The SF e↵ects reported in Ref. [37] were smaller because in that work, the imaginary part of the hole self-energy was neglected.

Muon neutrino/antineutrino Electron neutrino/antineutrino

relativistic effect:!
<10% difference

21



Neutrino scattering - results

22

FIG. 14. |ImŪ
SF

| (solid), |ImŪ
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| (dashed) and |ImŪ
NR

(q)| (dashed-dotted) for |~q | =300 MeV and density ⇢ = 0.09 fm�3,
as a function of the energy transfer.

A. Neutrino scattering at intermediate energies
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375 MeV Pauli 99.8 94.1 78.2

RPA 71.6± 1.4 66.9± 1.3 68.6± 1.2

250 MeV Pauli 51.5 49.0 37.6

RPA 34.3± 0.8 32.5± 0.8 31.0± 0.7

TABLE I. Muon neutrino and antineutrino inclusive QE integrated cross sections from oxygen. We present results for relativistic
and non-relativistic nucleon kinematics. In this latter case, we present results with and without SFs e↵ects. Results, denoted
as RPA and Pauli have been obtained with and without including RPA and Coulomb corrections, respectively. SF results
have been computed using a complex self-energy to dress both, particle and hole nucleon lines. Theoretical errors on the RPA
predictions show MC 68% CL intervals derived from the uncertainties in the ph(�h)–ph(�h) e↵ective interaction, as detailed
in Subsec. II B.

In Tables I and II, we present results in oxygen for inclusive electron and muon (anti-)neutrino-nucleus scattering
and energy transfers up to 400 MeV. We examine RPA and the SF corrections and their dependence on the energy.
First, we observe the di↵erences stemming from the use of non-relativistic and relativistic Lindhard functions. (As
mentioned, in the case of non-relativistic kinematics, we use the non-relativistic nucleon dispersion relations and set
to one the factors M/E

p

and M/E

p+q

in Eq. (22).) For the highest considered energies (E
⌫

µ

= 500 MeV), relativistic
e↵ects are approximately 7� 10% and decrease down to 3� 4% for E

⌫

µ

= 250 MeV. We should be aware of this fact
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Non-relativistic Relativistic SF

310 MeV Pauli 370 350 271

RPA 259± 18 244± 16 219± 11

220 MeV Pauli 191 183 131

RPA 117± 7 112± 6 101± 5

130 MeV Pauli 44.6 43.1 28.3

RPA 25.6± 1.2 24.8± 1.1 23.2± 0.8
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Non-relativistic Relativistic SF

310 MeV Pauli 81.6 77.3 63.1

RPA 57.9± 1.1 54.2± 1.1 55.6± 0.9

220 MeV Pauli 49.2 47.0 36.2

RPA 32.3± 0.8 30.8± 0.8 30.4± 0.7

130 MeV Pauli 17.9 17.3 12.2

RPA 10.3± 0.3 9.8± 0.3 9.6± 0.3

TABLE II. As in Table I but for electron neutrino and antineutrino inclusive QE scattering.

when considering SF+RPA corrections because they have been computed using non-relativistic kinematics.
Next, we pay attention to both RPA and SF corrections that suppress the total cross sections. Results are graphically

shown in Fig. 15. For a free LFG, the RPA e↵ects14 are especially significant at lower energies, where we find a
very drastic reduction of about 35 � 40%, the corrections being still large (of the order of 20–25%) for the higher
energies examined in Table I. SF e↵ects change importantly both, the integrated and the shape of the di↵erential
cross sections, as we will see. When medium polarization (RPA) e↵ects are not considered, the SFs provide significant
reductions (20–35%) of the neutrino cross sections, and somewhat smaller e↵ects in the case of antineutrinos15. The
SF corrections decrease as the (anti-)neutrino energy increases. However, when RPA correlations are included, the
reductions become more moderate, around 15% for neutrino reactions, and much smaller for antineutrinos. Indeed,
in this latter case and for the higher energies examined in the Tables I and II, the integrated cross sections remain
practically unchanged. SF e↵ects are responsible for a certain quenching of the QE peak and a redistribution of its
strength as can be seen in Fig. 16, where (anti-)neutrino di↵erential cross sections from 16O at various energies are
shown. The use of non-free SFs produces a tail which goes to higher energies inducing in general a significant change
of the (q0, |~q |)-region accessible in the process. It does not change the strength of the interaction between the gauge
boson and the nucleons (the form–factors), which is how the RPA e↵ect is included in our formalism.

As mentioned above, when we take into account RPA corrections, the di↵erences between SF and non-relativistic
LFG total cross sections are small, and in general mostly covered by the theoretical errors of the RPA predictions
(see Fig. 15), derived from the uncertainties on the ph(�h)–ph(�h) e↵ective interaction. This is because the SFs
diminish the height of the QE peak and increase the cross section for the high energy transfers. But for nuclear
excitation energies higher than those around the QE peak, the RPA corrections are certainly less important than in
the peak region. Hence, the RPA suppression of the SF distribution is significantly smaller than the RPA reduction
of the distributions determined by the ordinary Lindhard function. In Fig. 16, we also observe that antineutrino
distributions are narrower than neutrino ones and more significantly peaked towards lower energy transfers. Also in
these plots, we can see (stripped pattern bands) the size of the relativistic e↵ects. These introduce a systematic error
in our predictions in the higher energy transfer region of the di↵erential cross sections, because SF+RPA corrections
have been computed within a non-relativistic scheme.

In Fig. 15 we present how the size of the nuclear e↵ects depends on the energy of the incoming (anti)neutrino. We
appreciate some di↵erences between neutrino and antineutrino reactions. Both SF and RPA e↵ects suppress the cross
section and as already mentioned, these two combined e↵ects yield results similar to those obtained when only RPA
correlations are considered. On the other hand, for antineutrinos, the use of non-free SFs leads to smaller e↵ects.

14 For both the non-relativistic and SF set of results, the real part of the ph�Lindhard function that appear in the RPA denominators has
been computed using its non-relativistic expression derived in a free LFG.

15 The SF e↵ects reported in Ref. [37] were smaller because in that work, the imaginary part of the hole self-energy was neglected.
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26

FIG. 17. Ratio �(µ)/�(e) of inclusive neutrino (first row) and antineutrino (second row) QE cross sections for carbon, oxygen
and argon, as a function of the incoming (anti-)neutrino energy. We show non-relativistic free LFG (labeled as Pauli in the
plots), RPA, SF and SF+RPA results. In the two bottom plots, we show bands (red for carbon, blue for oxygen and green for
argon) whose upper and lower limits are given by the Pauli and SF+RPA predictions, respectively.

In Fig. 18, we compare our RPA predictions for d�/d(cos ✓0) with those obtained in [45] for oxygen and two
di↵erent electron–neutrino energies. We find a reasonable agreement, which is substantially improved when �h

excitations are not allowed in our approach (black dashed curves). (The role played by the inclusion of �h

components in the RPA series at intermediate energies was already mentioned in Ref. [37].) There exist some
discrepancies for E

⌫

= 500 MeV and ✓

0
> 900. In this region, the momentum transfers are larger than those

for which our non-relativistic RPA treatment is adequate. Nevertheless, we clearly see that in both approaches,
RPA corrections lower the cross section at forward angles, but raise it at more backwards angles. This is also
seen for E

⌫

= 300 MeV.

• The double di↵erential neutrino-carbon quasielastic cross sections measured by the MiniBooNE collaboration
triggered an enormous theoretical activity, since a large value of the axial nucleon mass, M

A

, is needed to
describe the data when RPA and 2p2h nuclear e↵ects are not considered [108]. The solution to this puzzle came
from the consideration of these nuclear corrections, which were computed by two di↵erent groups: Lyon [21] and
IFIC [20]. The latter one included RPA corrections using the many-body scheme described in this work, while
the Lyon group accounted for RPA e↵ects as described in Ref. [17]. In Fig. 19, we show results [20], calculated
with the model used in this work, for the QE contribution to the CC quasielastic ⌫

µ

�12C double di↵erential
cross section convoluted with the MiniBooNE flux. There, we also display results from the Lyon model taken

Nuclear effects do not cancel out when we take the ratio σ(μ)/σ(e) 
≡ σ(νμ +A Z → μ− +X)/σ(νe +A Z → e− +X)!
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Neutrino scattering: relativistic model
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Scaling function: comparison with the 
model of Benhar SF+FSI

(I) Use relativistic approximation for SFs (II) Use the PWIA (neglect FSI)
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RPA: comparison
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Summary
❖ We presented a model for inclusive neutrino-nucleus scattering which accounts 

both for RPA effects and introduces nucleon spectral functions. Model has been 
checked for low-energy processes (pion, muon capture, neutrino scattering).!

❖ The model can be used for a variety of nuclei (LDA).!

❖ The main problem in the description of the nuclear system: non relativistic 
physics. There are two possible ways out:!

❖ neglect FSI (use only the hole SF)!

❖ use of a “relativised” model for the particle SF!

❖ A comparison with other approaches has been performed (electron scattering - 
very good agreement with the data; neutrino scattering, RPA effects).
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Thank you for your attention!
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SF
3

FIG. 1. Ladder sum of diagrams that are give raise to nucleon
self-energy in the medium. Dashed lines stand for the in-
medium NN interaction.

S
LDA

(q,!), up to a factor3 �V/⇡, is proportional to
the imaginary part of the Lindhard function, thus from
Eq. (42) of [9]) we deduce (or equivalently from Eq. (11))

S
LDA

(q,!) =
⇥(!)

4⇡3

Z
d3r

Z
d3p

Z
µ

µ�!

dEP
h

(p, E)P
p

(p+ q, E + !) .
(14)

where within the LDA, we have replaced the nuclear vol-
ume for a further integration

R
d3r. As we will see, in this

approach the SFs depend on the local density, though for
simplicity, such dependence is not explicitly shown in the
above equation.

The inclusive electroweak nuclear cross section is ob-
tained after contracting the lepton and hadron tensors
(see [4, 9] for more details). The former one coincides
with that in the free space, while the latter tensor, ig-
noring RPA corrections and for QE processes, is essen-
tially obtained after computing the appropriate nucleon-
density response weighted in the d3p integration with
the nucleon tensor, Aµ⌫(p, q), with pµ = (E(p),p) and
qµ = (!,q). The nucleon tensor is in turn determined by
hp|jµ†(0)|p+ qihp+ q|j⌫(0)|pi, with jµ the correspond-
ing current responsible of the electroweak transition at
the nucleon level. Thus within this scheme and in this
approximation, the di↵erent response functions that de-
scribe the QE nuclear cross sections share a common ker-
nel, that gives rise to S

LDA

(q,!) upon integrating over
all possible hole momenta and energies, and they just
di↵er from the di↵erent vertices at the nucleon level that
provide distinctive re-weightings. It is then not surpris-
ing that all these responses should lead to similar scaling
functions, after they are divided by appropriate functions
describing the single-nucleon physics. This is the reason
why the real meaning of the scaling function should be
attributed to the common kernel, the nucleon-density re-
sponse S(q,!), up to some trivial factors that can be
read o↵ from Eq. (6). Yet, there is the issue of the depen-
dence of the scaling function only on the scaling variable
 , which deserves a further detailed discussion. In the
case of a free FG (non-interacting nucleons), it trivially
follows from the explicit expression of the imaginary part

3
This is easily deduced from Eq. (8), since �⇧(q,!)/V turns out

to be the Lindhard function (particle-hole propagator) [3].

of the Lindhard function, at large momentum transfers,
computed with free nucleon propagators in the medium
(see Appendices B and C of Ref. [4]).
The one-body Green’s function, and therefore also the

SFs, of interacting nucleons in the nuclear medium is
determined by the density dependent nucleon self-energy
⌃(p, E; ⇢) [4, 9]:

P
p,h

(p, E) =

⌥ 1

⇡

Im⌃(p, E)
�
E � p

2/2m� Re⌃(p, E )
�
2

+ Im⌃(p, E )2
, (15)

where the hole (particle) state, described by P
h

(P
p

),
corresponds to energies below (above) the Fermi level
E  µ (E > µ) and particle state, as already mentioned.
The chemical potential is obtained by solving the self-
consistent equation

µ =
p2
F

2m
+Re⌃(p

F

, µ; ⇢) . (16)

with the local Fermi momentum determined by the den-
sity p

F

(r) = (3⇡2⇢(r)/2)1/3, for isospin symmetric nu-
clear matter. The real part of the self-energy modifies
the nucleon dispersion relation in the nuclear medium,
while the imaginary part accounts for some many-body
decay channels, NN ! NN . Indeed, Im⌃(p, E) � 0 for
E  µ, while Im⌃(p, E)  0 for E > µ. Therefore, the
chemical potential can be determined as the point where
Im⌃(p, E) changes sign. Non-relativistic kinematics have
been assumed in Eq. (15), since the semiphenomenologi-
cal model developed in [6] for the nucleon-selfenergies is
non-relativistic. This model will be briefly discussed in
Sec. II A.
Some relativistic corrections can be taken into account

by including m/✏(p) factors and using relativistic expres-
sions (✏(p)) for the nucleon kinetic energies [7, 8],

P
p,h

(p, E) =

⌥ 1

⇡

m

✏(p) Im⌃(p, E)
�
E � ✏(p)� m

✏(p)Re⌃(p, E )
�
2

+
�

m

✏(p) Im⌃(p, E )
�
2

.

(17)

Finally, the LDA scaling function would read:

fLDA( ) = p
F

⇥
�
2 S

LDA

(q,!)
�
/N . (18)

A. Semiphenomenological approach to nucleon
properties in nuclear matter

The semiphenomenological model developed in [6] has
been successfully used in di↵erent inclusive reactions
[4, 7–9, 17–22]. Here we just briefly sketch its most im-
portant features, assumptions and approximations. The
model for the nucleon selfenergy developed in Ref. [6] im-
plements the low-density theorems and the used e↵ective

N UN - 
particle-hole 

excitation
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ijN l z +
I

a) b) c)

FIG. 1. Diagrams entering electron scattering with nuclei leading to pion production: (a) yN~~N nucleon pole term, (b) Kroll-
Ruderman term, (c) pion pole term, and (d) symbolic representation of all these terms involving the yN~vrN scattering matrix
represented by the dashed circle.

cross section. In Eq. (3) we have used the optical
theorem and the fact that k, =kM/&s, assuming the
nucleons of the Fermi sea to be at rest.
Equation (3) puts an important constraint on X, pro-

viding a model-independent limit which is easy to check.
Most models used in the literature violate this theorem,
at some point, because of the approximate NN potentials
used or because of the approximations used in the solu-
tion of the many-body problem. The work of Refs. [2,3]
is one example. Indeed, relying upon the central part of
the NN interaction and neglecting tensor forces, as one
increases the nucleon energy the NN cross section is pro-
gressively underestimated [7].
The test of Eq. (3) is very useful since it allows us to

have an idea of the accuracy expected from a theory or
the kinematical regions where the results are unreliable.
There is another point worth mentioning. As we see,

in Eq. (3) we have the total NN cross section. At nucleon
momenta beyond 1 GeV/c, the pion production inelastic
channels open up and the NN cross section contains a fair
amount of inelastic cross section. Pion production can
also proceed with only one nucleon, provided we have
off-shell nucleon energies, above the pion mass. While
this channel is considered in evaluations of the b, self-
energy [8], it is usually neglected in evaluations of the nu-
cleon self-energy which rely upon static NN potentials.
Equation (3) certainly requires the inclusion of this chan-
nel as soon as the energy allows it. However, one must be
aware that for some practical applications the inclusion
of this channel might be relatively irrelevant. Indeed, for
pion scattering, the region of energies where pion produc-
tion is allowed is dominated by the 5 resonance and the

I

nucleon pole terms are very small. One might think that
in electronuclear processes, where one can single out the
longitudinal response function and exclude the 5 chan-
nel, the m production channel will be important. While
this is certainly true, the question is that pion excitation
by virtual photons not only proceeds through N ~Nm or
NN~NN~ steps, but there are direct yN~mN terms,
such as the pion pole and Kroll-Ruderman terms, which
are dominant at low pion energies and which cannot be
cast in terms of the nucleon self-energy. This is visual-
ized in Fig. 1. Instead of including pion production in
the nucleon self-energy, it is more practical to look glo-
bally at the pion electroproduction process by means of
the diagram of Fig. 1(d), where the dashed circle stands
for a11 terms contributing to yN~mN. This example
shows us that the input in the nucleon self-energy has to
be looked at in the context of the physical process that
one wants to study. With this in mind, we shall also ex-
clude the pion production channels from our model and
remember that we have to deal explicitly with this degree
of freedom in whichever process we wish to apply the
model.

III. MODEL FOR THE NUCLEON SELF-ENERGY

The diagrammatic meaning of Eq. (1) is given in Fig. 2,
where the Lippmann-Schwinger series leading to the NN
t matrix is shown explicitly. Figure 2(a) does not contrib-
ute to the imaginary part of X, while all the others do. In
order to evaluate it, we concentrate on Fig. 2(b). The
self-energy for this diagram is given by

4

(2m ) k —q —c(k—q)+ i e k —q —c(k—q)—ie

+ +

a} b) c) d}

FIG. 2. Ladder sum for the nucleon self-energy. The dashed lines indicate a NN potential.
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ply replacing V(q) in Eq. (6) by the t matrix. Analytical-
ly, this is obtained by means of the relationship

Im( V+ VGV+ VGVGV+ }

=(V+ VGV+ VGVGV+ . )*

X ImG( V+ VGV+ VGVGV+ ), (7)

FIG. 6. Series of Fig. 2 showing the sources of ImX when the
particles cut by the dotted lines are placed on shell in the in-
teg rations.

grams in arrows we generate the t matrix in the upper
part of the cut, while summing over columns we generate
the t matrix in the lower part of the cut. Hence the sum
of all these diagrams is easily taken into account by sim-

where 6 is the only source of the imaginary part, which
in our case corresponds to the Lindhard function. The
only novelty with respect to the conclusion from the di-
agrammatic expansion is that one of the T matrices ap-
pears complex conjugate. This is indeed one of the
prescriptions of the Cutkosky rules which have its roots
in the optical theorem [10].
Hence we obtain for the imaginary part of the nucleon

self-energy the result

ImX(k)= f 3 1—n(k —q} 8(k —E(k—q})—n(k —q)8(e(k —q}—k } .
(2n )

XlmU~(q)g g ~t~

where we have also included the sum and average of
~
t

~

over final and initial polarizations. One of the initial nu-
cleon states is the hole state of the Lindhard function,

and we should sum, not average, over its spin. The factor
of 2 of spin is included in U~ and hence we average

~
t

~
.

So far, the derivation is rigorous. The t matrix corre-
sponds to the diagrammatic series implicit in Fig. 2, with
the nucleon propagators containing both particle and
hole parts, as the curly brackets of Eq. (4). This leads to
a t matrix different than the free one, which is the Gal-
itskii r matrix [11,12]. In most studies in the literature,
only the particle part of the propagator is taken and one
obtains then the Bethe-Goldstone G matrix. However,
the approach of Refs. [2,3] relies upon the Galitskii equa-
tion. One of our approximations is to take t of Eq. (g) as
the free NN t matrix. Another one is to substitute ~t ~ by
its average over angles relating it to the NN cross section
by means of the relationship, based on Eq. (2),

~s 4arf X ~ ~ 4 ~elas p ~elas &M M
(9)

FICz. 7. Reordering of the series of Fig. 6 leading to the last
diagram of the figure where the serrated line indicates the medi-
um t matrix.

where O.,~„is the elastic NN cross section averaged over
isospin, since U~(q) also contains a factor of 2 for iso-
spin. The last step in Eq. (9) is made for consistency with
other nonrelativistic approximations made in the
Lindhard function, etc. At the heart of the replacement
of the Galitskii t matrix by the free t matrix is the fact
that as p~0 they coincide and that by including the con-
tribution of holes the Galitskii equation does not restrict
the phase space so much as the Bethe-Goldstone equation
and leads to closer results to the free t matrix than the
Bethe-Goldstone G matrix. The density modifications to
this formula will come in our approach from the medium
polarization, which at low energies plays a very impor-
tant role.
We have taken the results for 0.,&„from the particle

data tables, and we take it to be dependent on the Man-
delstam variable s.
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of squares of pz& and mNN coupling constants, for which
we take C =3.94 from Ref. [15] and f /4m. =0.08. Fi-
nally, g' is the Landau-Migdal parameter, for which we
take g'=0. 7 in our calculations. Accounting for the
geometrical series is trivial, and we obtain two indepen-
dent series, one for the longitudinal part V, and another
one for the transverse part V, . However, because of the
smallness of the p-meson contribution in V„this term is
approximately equal to g, while in the longitudinal part,
because of the smallness of the pion mass, there are can-
cellations between the pion-exchange contribution and g',
and then VI is small compared with V, . We hence as-
sume for simplicity that the ph excitation is driven by the
transverse part alone, and then the whole series leading
to the induced interaction [16] of Fig. 8 is accounted for
by replacing in the formulas

use of the Galitskii t matrix, although higher orders and
a self-consistent treatment also have some influence in the
results [2]. This is one of the magnitudes where the de-
tails of the interactioa matter- mos'-. Meed-, the strong-
repulsion at short distances would make this magnitude
even change sign at sufficiently high densities. We do not
attempt to have all the information on ReX, but as we
shall see we can obtain the relevant information to evalu-
ate a great deal of nuclear properties relying again on the
same phenomenological input used so far.
Since our results for ImX, fulfilling the low-density

theorem and in agreement with the results of Ref. [4] for
high densities, are sufficiently realistic, we can use a
dispersion relation to obtain the real part from the imagi-
nary part. Considering the analytical structure of our
self-energy, we obtain [1,2]

1—V, (q) UN(q)
(13) ReX(co, k )=— I' —de'1,ImX(co', k)

&F CO CO

However, since in ImX(k} what we needed is Im U~(q),
the replacement to be made in Eq. (8) is

1 f 'F d, ImX(co', k)
CO CO

(16)

ImU~(q)
~1—V, (q)U (q)~

(14)

The last step in this process is that with the spin-
isospin interaction one can also excite hh components.
We can easily account for that by replacing U~(q) by
U(q) =Uz(q)+ Ua(q}, with Uz(q) incorporating ratios
of coupling constants and spin-isospin factors and nor-
malized as in Ref. [9]. However, since the source of
ImU&(q) is the decay b ~m.N and we neglect this chan-
nel here [we also neglect other sources of ImU&(q) stud-
ied in Ref. [8] and which would lead to 3p2h excitation in
the nucleon self-energy], the final prescription is to sub-
stitute

With this expression, of course, we only evaluate the
real part associated with the diagrams of Figs. 2(b), 2(c),
2(d), etc. , which provide the source of ImX. The Hartree
term, Fig. 2(a), and the Fock term, not shown but under-
stood in the series, are not taken into account by means
of Eq. (16) and have to be added explicitly (note that the
antisymmetry in the NN amplitude is incorporated phe-
nomenologically in cr for the other terms of the series).
We are interested only in the pieces of ReX which de-

pend on k and k in order to obtain effective masses,
strength at the pole, etc. This means that we do not need
to evaluate the Hartree piece, but the Fock piece gives
rise to an important k dependence and we must consider
it.
The Pock term is shown diagramatically in Fig. 9. The

contribution of a static pion exchange (q =0) is easily
evaluated, and we obtain

Im U~(q)
Im U~(q }~

Il —V, (q)U(q) ' (15)
g3 g2 2

(k)= 3 f n(k —q) q P (q),(2~) m„—q —m
Hence Ah excitation does not contribute directly to

ImX because we omit the pion creation channel, but the
virtual hh excitation plays an indirect role through the
medium polarization.
The consideration of the polarization brings our results

for ImX in close agreement with the results of Ref. [4], as
we shall see in the results section.

d3qi f2[k—q—:q'} =—3f,n(q')(2m) m
„

2
X F(k —q')—(k—q') —m

„

(17)

V. REAL PART OF THE NUCLEON SELF-ENERGY k-q

We can, of course, take Eq. (1) and rely upon the free
NN elementary amplitude in order to obtain the low-
density limit. The high-density limit would require the FIG. 9. Fock piece of the nucleon self-energy.
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SF - polarization effects

V - spin-isospin effective interaction

V (q) =
⇥
Vl(q)q̂iq̂j + Vt(q)(�ij � q̂iq̂j)

⇤
�i�j~⌧~⌧

only this channel 
taken into 
account

UN (q) ! UN (q)

1� Vt(q)UN (q) this is the result of the sum of ph excitations
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Radiative pion capture
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FIG. 24. Photon energy distributions (arbitrary units) from pion capture in 12C (left) and 40Ca (right). Experimental spectra
are taken from Ref. [129]. Theoretical SF+RPA curves were adjusted to data in the peak, other curves (Pauli, RPA, SF) were
scaled by the same factor. Error bands on the RPA predictions show MC 68% CL intervals derived from the uncertainties in
the ph(�h)–ph(�h) e↵ective interaction. The vertical lines show the maximum photon energy for the continuum contribution,
(A

Z

� ⇡�)
bound

! � + n+ (A� 1)
Z�1

, where the final nucleus is left in its ground state.

Let us analyze how the total decay width changes when we include additional nuclear e↵ects to Pauli blocking,
implemented through the imaginary part of the Lindhard function calculated for a non-interacting LFG of nucleons.
Neither SF e↵ects, nor the correct energy balance in the reaction were considered in the previous work of Ref. [85],
where this formalism (LFG+RPA) was used for the first time. Experimentally, it is rather di�cult to distinguish
between radiative pion capture processes from di↵erent pionic atom orbits. Indeed, only the weighted ratio

dR

(�)

d|~k |
=

X

nl

w

nl

�abs

nl

d�(�)

nl

d|~k |
(70)

can be measured. In the above equation |~k | is the outgoing photon energy, w
nl

(are normalized to the unity) gives the
absorption probability from each nl pionic level, taking into account the electromagnetic transitions and the strong

absorption. �abs

nl

is the total pion absorption width from the orbit nl and �(�)

nl

is the width due to the radiative capture
of the pion from the orbit nl. We will present results for carbon and calcium, and we use the same values for w

nl

and �abs

nl

as in Ref. [85], which are collected in Table III. Our predictions are also given in the same table, while the
di↵erential decay branching ratios are displayed in Fig. 24.

Let us first notice that also here the use of interacting SFs produces a quenching of the QE peak. Actually, the
in-medium dispersion relations shift the position of the peak about 10 MeV towards lower outgoing photon energies
(higher transferred energies to the nucleus), and generate a tail which goes into the low photon energy region. The
width of the particle-nucleon (see diagram of Fig. 6) also contributes to this tail. This 10 MeV di↵erence between the
position of the peaks, which was almost unnoticed for intermediate energies, here plays an important role.

In the case of 40Ca we see that the position of the QE peak for the SF+RPA stays in very good agreement with
the data. However, and despite the improvement due to the use of realistic SFs, we observe a clear discrepancy with
experiment at photon energies below 100 MeV. In our microscopic description, the origin of the distribution comes
from the motion of the nucleons in the nucleus. Mechanisms where two nucleons are simultaneously excited with the �
creation would give rise to photons with less energy22 (these are di↵erent mechanisms than final state interaction of the
struck nucleon in one body processes because the photon has already been created and does not modify its energy). It
was argued in Ref. [85] that such contributions could explain the observed discrepancies at low photon energies. This
was confirmed in [121], where two-body mechanisms were taken into account using a semi-phenomenological approach.
The SF+RPA decay width distribution also underestimates the data for photon energies above 130 MeV (marked
with a vertical line in Fig. 24), this is to say above the 39K+ n threshold. This region cannot be properly described
with the present formalism, because it can only be filled in by discrete transitions (delta-like peaks convoluted with

22 As mentioned, the particle-nucleon width included in the particle SF contributes to the tail. Note however, there exist other 2p2h
mechanisms, involving meson-exchange-currents or the excitation of the �(1232) (see the discussion of Sect. 8 of Ref. [85]).
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FIG. 23. CCQE neutrino double di↵erential cross section d2�/d⌦(k̂0)dE0 on 16O as a function of the energy transfer at E
⌫

= 0.5
GeV and a scattering angle of ✓0 = 30o. The orange-dotted curve, labeled by Leitner et al., stands for the full calculation of
Ref. [36] (full in-med. SF curve of top panel of Fig. 13 of this reference). We also show relativistic and non-relativistic free
LFG, and the full SF and approximated SF (neglecting the hole width) sets of predictions calculated within the many-body
framework discussed in this work. Finally the blue-dashed curve, labeled as GiBUU 2016, has been obtained with the 2016
updated version of the GiBUU code [11].

illustrate the general trend of the SF and the RPA e↵ects, and their areas might provide reasonable predictions for
integrated observables.

In addition, the studies carried out in Refs. [85] and [37] of the inclusive muon and radiative pion captures in nuclei,
and the LSND [123–126], LAMPF [127] and KARMEN [128] near threshold 12C (⌫

µ

, µ

�)X and (⌫
e

, e

�)X reactions
did not take into account SF e↵ects. In this section we would mainly focus on this aspect of our model. We will
present results from the full SF calculation, where both particle and hole nucleon lines have been dressed with a
complex self-energy. In this energy region, this full SF treatment leads to results around 30% lower at the peak than
those obtained with the approximated SF, where the width of the nucleon-hole is neglected (see Fig. 11). This sizable
di↵erence becomes more moderate when we include RPA corrections, however it still is of the order of 10� 20%. We
will neglect relativistic e↵ects in all the results presented in this subsection.

1. Inclusive radiative pion capture

Nucleus nl w
nl

�abs

nl

[keV] Pauli [eV] RPA [eV] SF [eV] SF+RPA [eV]
12C 1s 0.1 3.14± 0.14 88.9 48.3± 2.1 58.6 50.6± 1.3

2p 0.9 0.00136± 0.00020 18.3⇥10�3 (11.1± 0.4)⇥ 10�3 12.2⇥10�3 (11.1± 0.2)⇥ 10�3

40Ca 2p 0.7 1.59± 0.02 41.5 24.3± 0.9 23.9 21.5± 0.5

3d 0.3 0.0007± 0.0003 20.9⇥10�3 (13.8± 0.4)⇥ 10�3 11.7⇥10�3 (11.1± 0.1)⇥ 10�3

TABLE III. Inclusive radiative pion capture widths from the 1s and 2p and the 2p and 3d levels in 12C and 40Ca, respectively.
Theoretical errors in the RPA predictions show MC 68% CL intervals derived from the uncertainties on the ph(�h)–ph(�h)
e↵ective interaction. Within the SF+RPA scheme, we obtain ratios R(�) of (0.9±0.1)% and (1.4±0.2)% for carbon and calcium,
respectively. The experimental values reported in Ref. [129] for these ratios are (1.92± 0.20)% for 12C and (1.94± 0.18)% for
40Ca. In this latter reference, in the case of carbon, the contributions of transitions to the 12B ground and excited states turned
to be around 20-25% of the total ratio. Thus, the continuum contribution for 12C was estimated to be (1.50± 0.15)% [129].

Within the SF+RPA scheme, we obtain ratios R(γ) of (0.9±0.1)% and 
(1.4±0.2)% for carbon and calcium, respectively. The experimental 
values for these ratios are (1.92 ± 0.20)% for 12C and (1.94 ± 0.18)% for 
40Ca.
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as in Ref. [85], which are collected in Table III. Our predictions are also given in the same table, while the
di↵erential decay branching ratios are displayed in Fig. 24.

Let us first notice that also here the use of interacting SFs produces a quenching of the QE peak. Actually, the
in-medium dispersion relations shift the position of the peak about 10 MeV towards lower outgoing photon energies
(higher transferred energies to the nucleus), and generate a tail which goes into the low photon energy region. The
width of the particle-nucleon (see diagram of Fig. 6) also contributes to this tail. This 10 MeV di↵erence between the
position of the peaks, which was almost unnoticed for intermediate energies, here plays an important role.

In the case of 40Ca we see that the position of the QE peak for the SF+RPA stays in very good agreement with
the data. However, and despite the improvement due to the use of realistic SFs, we observe a clear discrepancy with
experiment at photon energies below 100 MeV. In our microscopic description, the origin of the distribution comes
from the motion of the nucleons in the nucleus. Mechanisms where two nucleons are simultaneously excited with the �
creation would give rise to photons with less energy22 (these are di↵erent mechanisms than final state interaction of the
struck nucleon in one body processes because the photon has already been created and does not modify its energy). It
was argued in Ref. [85] that such contributions could explain the observed discrepancies at low photon energies. This
was confirmed in [121], where two-body mechanisms were taken into account using a semi-phenomenological approach.
The SF+RPA decay width distribution also underestimates the data for photon energies above 130 MeV (marked
with a vertical line in Fig. 24), this is to say above the 39K+ n threshold. This region cannot be properly described
with the present formalism, because it can only be filled in by discrete transitions (delta-like peaks convoluted with

22 As mentioned, the particle-nucleon width included in the particle SF contributes to the tail. Note however, there exist other 2p2h
mechanisms, involving meson-exchange-currents or the excitation of the �(1232) (see the discussion of Sect. 8 of Ref. [85]).
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FIG. 7. RPA series of ph and �h excitations.

RPA correlations account for some nuclear medium polarization e↵ects sensitive to the collective degrees of freedom
of the nucleus. These corrections bear some resemblance with the polarization experienced by a probe charge inside
of an electron gas [84]. Within the model employed in [37, 38, 55], a series of ph and �h excitations (Fig. 7),
which interact via an e↵ective spin-isospin non-relativistic potential, is summed up [84].(Also here we are limited
to moderate energy and momentum transfers because of the use of non-relativistic approximations.) This e↵ective
interaction includes a contact Landau-Migdal potential,
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and g

0 = 0.63, as used in [37, 38, 55]. Moreover �(1232) degrees of freedom in the nuclear medium are also considered,
which opens the possibility of taking into account �h excitations in the RPA series, as mentioned above. It a↵ects
only the S = T = 1 sector and the interaction ph-�h and �h-�h is taken from [67] (see also [84] for details). The
RPA sum leads to substitutions in some terms of the hadron tensor obtained within the 1p1h approximation (see
Appendix A of Ref. [37]). For instance, the (S = T = 1)�RPA sum produces, in a schematic way and for a free LFG,
a replacement of the type
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where U(q; ⇢) = U

N

+ U

�

takes into account the ph and the �h excitations, with U

N

= 2Ū (the factor of 2 accounts
for a sum over isospin, not explicitly carried out in the definition given in Eq. (24)) in a symmetric medium. For
positive values of q0, the backward propagating ph excitation has no imaginary part, and for QE kinematics the
�(1232) Lindhard function U

�

is also real9. Nevertheless, we refer the reader to [37] for a detailed description of the
RPA re- summation within this formalism.

We should mention that the interaction used to compute the RPA corrections is in principle unrelated to the
semi-phenomenological one employed in [70] to evaluate the nucleon self-energies.

Here we would like to focus on the situation when RPA and SF e↵ects are included together. As sketched above,
polarization e↵ects are computed by summing up an infinite series of ph and �h excitations. In principle to be fully
consistent, one should include also the nucleon self-energy into all of them, which means that in the denominator
of each RPA correction we should have Ū

SF

instead of Ū (both imaginary and real parts). Moreover one should
consider the � spectral function in the nuclear medium. All these refinements would introduce further corrections
in the density expansion implicitly assumed in the model. However, one should be cautious. The RPA coe�cients
that appear in the ph(�h)–ph(�h) e↵ective interaction were long time ago fitted to data, using a model of non-
interacting nucleons [67, 75, 105, 106], and since then, they have been successfully used in several nuclear calculations
at intermediate energies, as mentioned in the introduction. Note that the imaginary part of the ph�propagator (the
Lindhard function) appears both in the numerators and denominators of Eq. (54). Its contribution to the latter ones is
in general small because in most of the available phase space, the denominators of the RPA series are being dominated
by the real parts, which start by 1 in addition to the (ReU V

l,t

) contribution. However, the role of the imaginary
part of the ph�propagator in the numerators is essential, because it determines the allowed (q0, |~q |) regions, together
with their relative weight into the final response. These allowed regions are obviously di↵erent when an interacting
LFG or a free LFG of nucleons is being considered. Even in this latter case and for moderate energy and momentum
transfers, allowed (q0, |~q |) regions depend on whether relativistic or non-relativistic nucleon kinematics is being used.
Because our treatment of the RPA and the SF e↵ects is non-relativistic, this will be an important source of systematic
uncertainties a↵ecting our predictions. Later we will come back to this point in more detail.

Thus, we consider ImŪ

SF

in the numerators of the RPA series, and to avoid having to re-tune the RPA parameters
which a↵ect the real part of the denominators, we have adopted the following strategy. We leave the real part of the
Lindhard function in the RPA denominators unchanged, which for consistency with the ph(�h) � ph(�h) force is
computed in the non-relativistic limit, while we also use SFs to compute the imaginary parts in the denominators.
In this manner we remove unphysical peaks, that would be generated when in the denominator ImŪ = 0 and in
the numerator ImŪ

SF

6= 0. Next and to estimate the theoretical uncertainties, we follow the work of Ref. [46] and
we take uncorrelated Gaussian distributions with relative errors of 10%, for all the parameters that enter into the
e↵ective interaction employed in the construction of the RPA series. In the case of CC-driven processes, these are

f

0(in)
0

, f 0(ex)
0

, f , f⇤, ⇤
⇡

,C
⇢

, ⇤
⇢

and g

0, since the isoscalar terms of the e↵ective interaction do not contribute to CC
induced reactions. Finally, by means of a Monte Carlo (MC) simulation, we find for any observable predicted by the
model its probability distribution. Theoretical errors and uncertainty bands on the derived quantities will be always
obtained by discarding the highest and lowest 16% of the sample values, to leave a 68% confidence level (CL) interval.

9 Analytical expressions for U
�

can be found for example in Ref. [84], while expressions for the real part of the relativistic Lindhard
function U

N

can be found in Ref. [107]. The corresponding non-relativistic counterparts, obtained by setting to one the factors M/E
p

and M/E
p+q

and using non-relativistic nucleon dispersion relations in Eq. (24), can be found in Refs. [84, 86].
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FIG. 15. Importance of nuclear e↵ects compared to the non-relativistic free LFG cross section (�
0

). We display (�
nuc e↵

��
0

)/�
0

where nuc e↵ stands for a nuclear e↵ect (RPA, SF or SF+RPA). The bands show 68% CL intervals derived from the uncertainties
on the ph(�h)–ph(�h) e↵ective interaction.

Theoretical errors practically cancel out in the ratio �(µ)/�(e) ⌘ �(⌫
µ

+A

Z ! µ

�+X)/�(⌫
e

+A

Z ! e

�+X), and
in the equivalent one constructed for antineutrinos. These ratios are depicted in Fig. 17 for carbon, oxygen and argon.
Theoretical uncertainties on these ratios turn out to be much smaller than 1% and are hardly visible in the plots.
On the other hand, predictions for these ratios obtained from a simple Lindhard function16 incorporating a correct
energy balance in the reaction (lines denoted as “Pauli” in the plots) di↵er from the most realistic ones obtained
including also SF+RPA e↵ects at the level of 5-10% for neutrino energies above 300 MeV, in sharp contrast with the
situation found for each of the the individual �(⌫

µ

+A

Z ! µ

� +X), �(⌫
e

+A

Z ! e

� +X), �(⌫̄
µ

+A

Z ! µ

+ +X)
and �(⌫̄

e

+A

Z ! e

+ + X) cross sections (see Fig. 15). However, these di↵erences are much larger at low energies,
especially for the antineutrino ratios. Note that RPA corrections greatly cancel out, especially in carbon and oxygen,
in the neutrino ratios calculated with full SFs. For antineutrino ratios, though, RPA e↵ects are clearly visible when
SFs are used. Besides, we should note that in the ratio �(µ)/�(e), relativistic nucleon kinematics e↵ects are quite
small, being always smaller than 1% in the whole energy interval studied in this work, as it was pointed out in Ref. [46]
(see Fig. 6 of that reference).

1. Comparison with other approaches

Here, we briefly discuss predictions obtained within other approaches. There is an abundant literature in the field,
and we do not aim at performing an exhaustive comparison, but we will rather focus in some representative works,
where RPA or SF e↵ects have been examined.

16 It is to say from a local Fermi gas model of non-interacting nucleons.
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Results - neutrino scattering

spread to higher energies

quenching of the QE peak

relativistic effects
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Relativistic case (I)
❖ It is possible to use some approximations in order to make the 

model applicable for higher energy-momentum transfers.

(I) Use the PWIA (neglect FSI = outcoming particle is free)

In the model that we use, ReΣ is known up to a 
constant term. We introduce a ρ-dependent parameter 

which we adjust to get a proper binding energy.

Ê = E � Ĉ µ =
p2F
2m

+ bC
bC = Re⌃(p2F /2m, pF ) + C⇢

P. Fernandez de Cordoba et al., Nucl. Phys. A611, 514 (1996)

Sh(p, E) = ⌥ 1

⇡

Im⌃(p, bE)
�
E � p2/2m� Re⌃(p, bE)� C⇢

�2
+ Im⌃(p, bE )2
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Relativistic case (II)
(II) Use relativistic approximation for SFs:

Sp,h(p, E) = ⌥ 1

⇡

m
✏(p) Im⌃(p, E)

�
E � ✏(p)� m

✏(p)Re⌃(p, E )
�2

+
�

m
✏(p) Im⌃(p, E )

�2
✏(p) =

p
m2 + p2

Scaling function: comparison 
with the model of Benhar SF

+FSI

fLDA( ) / SLDA(q,!) =
⇥(!)

4⇡3

Z
d3r

Z
d3p

Z µ

µ�!
dE

m

✏(p)

m

✏(p+ q)
Sh(p, E)Sp(p+ q, E + !)

PRELIMINARY

P. Fernandez de Cordoba et al., Nucl. Phys. A611, 514 (1996)
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